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1 . 8 -- sm (11-34) 
T 

and 

.p 0 (11-35) 

where 

Ms 
(Landau-Lifshitz) 

Ali (11-36) 
T 

1 + a2 
(Gilbert) 

ayH 

and 

r (Landau-Lifshitz) 

0= (Gilbert) 
(11-37) 

1 + a2 

If H is constant in time, then the solution of Eqs. (11-34) and (11-35) 
yields 

(11-38) 

and 

(11-39) 

where 80 and <Po are the initial values of f) and <P, respectively. 
Initially, M is aligned along the internal field Hi = Hk + Hdm • 

where Hk is the total anisotropy field and Hdm is the demagnetizing 
field. Upon application of an external field Hap. M spirals into 
alignment with the total field H = Hi + Hap' as shown in Fig. 11-14. 
The internal field Hi may vary during the transient time, in which 
case Eqs. (11-38) and (11-39) are invalid and the solution of MW is 
very complex. 

A distinction is made between elastic and inelastic rotation of 
magnetization. The rotation is elastic if 80 is smaller than the angle 
between H and any preferred direction other than the original one 
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because, upon removal of Hap' Hi returns M back to its original 
orientation. (In ferrites, whose easy axes are along the cube di­
agonals, the maximum value that eo may have while satisfying this 
condition is 54.73°.) On the other hand, if M falls into a new pre­
ferred direction, then the rotation of magnetization is inelastic, as 
is the case in Fig. 11-14. 

H 

C_..l-:':;::;:J;?~ Initio I M 

Fig. 11-14. Spiraling during rotation of 
magnetization. 

The Landau-Lifshitz and Gilbert equations are equivalent if 
(}'2 « I (cf. Eqs. (11-36) and (11-37». In the limit, as (}' -> 0 (that is, 
no damping), both equations predict that T -> 00 (that is, infinite 
switching time) because of endless precession of M. On the other 
hand, for (}' -> 00 (that is, infinite damping), T -> 0 according to the 
Landau-Lifshitz equation, whereas T -> 00 according to the Gilbert 
equation. Since M cannot actually move if (}' -> 00, the Landau­
Lifshitz equation is invalid for this condition. From the Gilbert 
expression for T in Eq. (11-36), T is found to be minimum for (}' = 1; 
hence, Tmin = 2/(yH). 

Domain-Wall Displacements. (Stoner and Rhodes (1949); Tebble 
(1955); Chikazumi (1964); Knowles (1960).) Consider a 180 0 Bloch 
wall of area Aw in a ferromagnetic or ferrimagnetic crystallite. 
Assume that the wall lies in the x-y plane and separates two do­
mains whose saturation-magnetization vectors are along the +x 

and -x directions. Suppose that, under the influence of applied field 
Hap' the wall moves slowly along the z direction toward a nonmag­
netic inclusion. Assuming that the wall remains rigidly planar, its 
interaction with the inclusion is illustrated in Fig. 11-15. In (a), 



278 DIGITAL MAGNETIC LOGIC 

there is no interaction as yet. In (b), the wall touches the spiky 
domains of closure, and there is a sudden change to the (c) con­
figuration because in (c) the walls bisect the angles between the 
magnetization vectors and, as a result, the magnetic poles in (b) 
are eliminated and the energy is reduced. The energy is further 
reduced by decreasing the wall area and volume of the closure 
domains, (d), until the state of minimum energy in (e) is reached. 
As the wall departs from (e), the energy increases as domains of 
closure stretch out, (f), with essentially no poles. However, as the 
length of the closure domain increases from (g) to (h), it is ener­
getically more favorable for the closure domains to narrow down 
in order to reduce their volume and their wall area, despite the 
development of poles. As the closure domains become narrow 
spikes, (h), the wall breaks free and the spiky domains snap back 
to an optimal shape. (i). 

. 

t~1 ~ ttl + 
+) + + 

1 __ = _.~ .j 

Hop) 

Z 
(0) (b) (c) (d) (e) 

t ... , I 

( f) (g) 

Fig. 11·15. Interaction between a 1800 wall and a nonmagnetic inclusion. 

The example in Fig. 11-15 illustrates how the total energy E 
may vary with the wall position z as a result of inhomogeneities 
in the material. In the absence of an applied field Hap' the wall 
settles where E is minimum, i.e •• where dE/dz = 0 and d2E/dz2 > o. 
With Hap applied along the ±x axis, a force 2/l0MsHapAw moves the 
wall along the ±z axis in a direction to expand the domain whose 
magnetization vector points along Hap' This motion is opposed by a 
restoring (or stiffness) force dE/dz • 
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It is convenient to examine the net effect on the wall motion 
by comparing the applied H with C(dE/dz) as a function of z, where 
c = 1/(2110 M sAw)' Schematic plots of C(dE/dz) vs. z are shown in 
Fig. 11-16 for two typical walls (in the same crystallite) whose 
positions at Points Rand R', respectively, correspond to the 
remanent state M = -Mr of the crystallite. By definition, as Hap is 
applied, a wall is displaced elastically if, upon removal of Hap' the 
restoring field c(dE/dz) returns the wall to its original position; 
but if a new position is reached, the wall displacement is inelastic. 

v' 
,,----------..-----

H t h I----f" 

, , , , , , 

W 
0 

z 

s 

(0 ) ( b) 

Fig. 11-16. Schematic plots of energy gradient vs. wall position and elastic (dotted line) and 
inelastic (dashed line) displacements of two domain walls_ (a) Elastic and minor inelastic wall 
displacements. (b) Elastic and major inelastic wall displacements. 

Suppose that the wall of Fig. 11-16(a) is initially situated at 
Point R. The threshold field imposed by the first energy hill is 
marked by Hth • Three types of elastic wall displacement are dis­
tinguished: 

1. Displacement due to a negative Hap pulse; for example, 
Displacement R-S 

2. Displacement due to a positive Hap pulse, provided that 
Hap < H th ; for example, Displacement R-T 

3. Displacement due to a positive Hap pulse whose amplitude 
exceeds Hth , provided that the pulse duration is short 
enough to prevent z from reaching the position of maximum 
energy Zc at Point C; for example, Displacement R-U 
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If Hap> Hth and the pulse duration is not as short as in Case 3 
above, the wall overcomes its energy barrier, andits displacement 
is inelastic. (This is the source of the Barkhausen noise.) It is use­
ful to distinguish between minor and major wall displacements. A 
minor inelastic wall displacement is relatively short or local; 
hence, the wall area is essentially constant during the switChing 
time. On the other hand, a wall experiencing a major inelastic 
displacement travels a relatively long distance and thus may 
collide with other walls; its area will vary during the switching 
time (usually increasing in the beginning and decreasing in the 
end). A minor inelastic wall displacement results from the ob­
struction of the wall motion by an energy hill whose C<dE/dz)max > Hap 
in the vicinity of the initial wall position. For example, Displace­
ment R-V in Fig. 11-16(a) is composed of a potentially elastic dis­
placement followed by a minor inelastic displacement. (In order to 
avoid ambiguity, we might assume that the displacement is elastic 
if z < Zc and inelastic if z ::: zc' However, because of the effect of 
the wall mass, the boundary value of z is actually somewhat smaller 
than zo>. Upon termination of the Hap pulse, the wall pulls back 
(elastically) to Point W, and the net /}.z is the difference between 
the z values at Points Wand R. In contrast, a major inelastic wall 
displacement is long because no obstructing energy hill is en­
countered by the wall in the vicinity of its original position. For 
example, the larger of the positive Hap pulses of Fig. 11-16(a) may 
force another wall in the same specimen to experience a major 
inelastic displacement, such as Displacement R'- V' in Fig. 11-16(b). 

A stable wall position can be achieved only in the range where 
d2E/dz2 > O. Thus, the energy gradient in Fig. 11-16(b) is meta­
stable, i.e., it includes a number of z regions where this condi­
tion is satisfied. For Hap = 0, the wall may settle at the quiescent 
point, where dE/dz = O. in any of these regions. 

To be exact, a distinction should be made between elasticity 
and reversibility of a magnetic process, i.e., of wall motion or ro­
tation of magnetization. Reversibility isa thermodynamic prop­
erty: a magnetic process is reversible if it is performed quasi­
statically (i.e., infinitely slowly) with no energy dissipation; other­
wise, it is irreversible. The area enclosed between the transition 
path and the plot of c (dE/ dz) is proportional to the dissipated energy. 
Thus, all the elastic and inelastic wall displacements shown in 
Fig. 11-16 (for which the rise time of the Hap pulse is short com­
pared to the switching time) are irreversible. Only if Hap were 
changed quasi-statically would displacements R-S and R-T be 
reversible, because only then would they follow the curve C<dE/dz) 
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(which thermodynamically represents the equation of states of 
equilibrium at a constant temperature), and would thus involve 
no energy dissipation. But if Hap is increased very slightly beyond 
Hth , the wall breaks free and moves irreversibly to a position be­
tween Points V and W, where C<dE/dz) = Hth• (Note that reversible 
tracking of Hap along c(dE/dz) in the region where d2E/dz2 < 0 is 
unrealizable because wall positioning in this region is unstable.) 

If the magnetization M of a crystallite changes by the motion of 
a single wall, then ~M is proportional to ~z. In Fig. 11-17, the 
major static M (H) curve of such a crystallite is obtained by essen­
tially reversible and irreversible wall displacements as Hap is 
changed quasi-statically in the negative and then in the positive 
directions. The two extreme stable positions ofthe wall, designated 
by R(-l and R(+l, correspond to the remanent values of magnetiza­
tion -Mr and +Mr' respectively. For M between -Mr and Mr' Hth may be 
smaller than Hth near M = -Mr' An example is shown in Fig. 11-17, 
where a minor static M(H) loop is traversed. Furthermore, if the 
peaks of ddE/dz) near R(-l are higher than the following ones in an 
appreciably wide z region, then the major M (H) curve is said to be 
re -entrant. 

Major static M(H) curve 

t + 

Fig. 11·17. Schematic construction of static M (H) major 
curve and minor loop due to reversible and irreversible 
displacements of a single domain wall. 

So far we have examined the displacements of a 180 0 domain 
wall in a single crystallite. Consider now a polycrystalline 
"square-Iooptl specimen, e.g., a ferrite core used in memory or 
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logic circuits. The specimen contains many 180 0 walls having 
C(dE/dz) vs. z plots of different shapes whose features (including 
the direction of z) vary randomly. Upon application of a step-H 
field Hap' a number n of domain walls will be displaced inelastically. 
We assume that these displacements are classified into two groups: 
np minor displacements (as in Fig. 11-16(a» and n(1 - p) major 
displacements (as in Fig. 11-16(b», where p is the portion of the 
inelastic displacements that are minor (0 ::: p ::: 1). The distribution 
of Hth (for both types of displacement) may be described by a 
probability-density function f<Hth) with a mean value in the neigh­
borhood of the threshold Hdmin of the major static M(H) curve, as 
shown in Fig. 11-18. On the basis of this description, n increases I Hap 

with Hap because n is proportional to f<Hth)dHth• Assuming 
o . 

that major inelastic wall displacements can occur only if Hap ,:(, H d mm, 

t 
M 

0 

c: 
o 

+= u 
o 

U: 

Hmin/I 
d I 

He Hop-

I 
I 
I 
I 

Fig. 11-18. Relations among a static M(H) curve for 
positive H, a probability-density function of H th , and 
the portions of minor and major wall displacements 
in a poly crystalline square-loop specimen. 
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then p is essentially unity in the region 0 < H ~ H dffiin , but as Hap . ap 
increases beyond H d ffim, p decreases gradually, as shown sche-
matically in Fig. 11-18. The length of an irreversible wall dis­
placement is also a random variable with a similar probability­
density function. Due to these random distribution functions, the 
static M (H) curve of the specimen may appear to be smooth, as 
shown in Fig. 11-18, but actually consists of a large number of 
relatively small Barkhausen jumps. In addition to elastic wall 
displacements and elastic rotation of magnetization, this curve 
results from minor inelastic wall displacements in the region 
o < Hap ~ Hdffiin and from major and minor inelastic wall displace­
ments in the region H d mm ~ Hap. The contribution of the major 
inelastic wall displacements to the total L'lM for Hap> Hdffim is 
predominant. The applied magnetic field He at which M = 0 corre­
sponds to L'lM = M r' and is called the coercive force. 

Elastic and inelastic changes in M due to a trapezoidal applied 
H pulse of amplitude Hap and duration T are superimposed on a 
static M (H) loop of a polycrystalline square-loop core in Fig. 11-19. 
Let us examine these changes in the light of the wall displacement 
in Fig. 11-16: Transition A-B is elastic regardless of the magni­
tudes of Hap and T. Transition C-D is elastic regardless of T, pro­
vided that Hap is smaller than Hth of any of the walls corresponding 
to Point C. Transition A-E is elastic (cf. Newhouse (1957» even 
though Hap is much larger than Hth at Point A, provided T is so short 
that Hap is removed before any wall reaches the peak of its first 

1M 

Long 
Hap pulse 

Short Hap pulse 

B A '-M r 
E 

Fig. 11-19. Elastic and inelastic changes in magnetization of a polycrystalline 
square-loop core. 
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energy hill. On the other hand, Transition E-F is inelastic because, 
for most of the walls, Hap> Hth and T is long enough. Transition 
F-G for a long fall time of Hap is inelastic, but for Transition F-G' , 

elastic fallback predominates over any inelastic changes that may 
occur during the short fall time of Hap. (Referring to Fig. 11-16(b), 
domains move more slowly where c(dE/dz) > 0 than where C(dE/dz) < 0, 
so that, statistically. more domains are expected to fall back (elas­
tically) than to fall forward (inelastically) when Hap is suddenly re­
moved.) Finally, Transitions G-J and G'-( are both elastic. 

11-5 Summary 

Magnetic flux density B = Ilo <H + M) results from two components: 
magnetic field H due to true currents, and magnetization M due to 
orbital and spin moments of electrons in a small volume t.\v. Dif­
ferent electrons have different quantum numbers n, l, m, andcr whose 
values may be n = 1,2, 3, ... ; l = 0, 1, ... , n - 1; m = -l, -l + 1, ... , l; 
and a = ±l/2. With the z components (along H) of the orbital and 
spin angular momenta of an electron quantized, the corresponding 
quantized magnetic moments may have the values mz,z = lllllB and 
ms,z = ±IlB' respectively, where IlB is the Bohr magneton. For an 
atom in its ground state, the electron spin and orbital moments add 
vectorially to resultants of quantum numbers S = Ia and 2. = ~m, 
which then add vectorially to a resultant of quantum number 
J = 12. - S I (or 2. + S) for a subshelliess (or more) than half full. 
The quantized component of the total m along H is m J z = g1m1l B' where 
1m = -J, -J + 1, ... , J and g = (3/2)+ [S(S + 1) - 2.(2. + 1)]/[2J(J + 1)]. In 
most magnetic materials that contain iron-group elements, as a 
result of the electrostatic crystal field, the orbital moment may 
be "quenched," that is, f '" 0, and m is essentially the net spin 
moment only. 

The net magnetization M of materials having nonzero atomic 
magnetic moments is affected by thermal disorder (which tends 
to cause paramagnetism) and direct or indirect exchange inter­
actions, which tend to align neighboring spins parallel (causing 
ferromagnetism) or antiparallel (causing antiferromagnetism if 
spin moments exactly cancel or ferrimagnetism otherwise). Be­
low the Curie temperature T c' a ferromagnetic or ferrimagnetic 
material possesses a nonzero saturation magnetization M s' but 
above Tc it becomes paramagnetic and Ms = O. The cations in a 
simple ferrite, whose unit cell consists of eight Me++Fe~++04 
molecules in a spinel structure, are divided into A and B types 



ELEMENTARY PHYSICS OF MAGNETISM 285 

(each comprising one or two sublattices) of oppositely aligned 
spins due to a predominant negative A-8 superexchange interaction, 
but since mB F mA' the net Ms = 1mB - mA I is nonzero. The M(H) 

characteristics of magnetic materials vary between two extremes, 
a linear M(H), M = xH, for which Mr ~ 0, and a square-loop M(H), for 
which Mr = M s' where Mr is the maximum remanent M. 

A partially demagnetized ferromagnetic (or ferrimagnetic) 
specimen is divided into magnetic domains, each saturated along 
a certain direction by exchange (or superexchange) interaction. A 
domain structure corresponds to the minimum sum of four ener­
gies that are involved in creating the domains and the walls be­
tween them: exchange, magneto static , anisotropy, and magneto­
elastic energies. 

An applied magnetic field may change the magnetization of a 
specimen, elastically or inelastically, by rotation of magnetization 
or domain-wall motion or both. Rotation of magnetization with low 
viscous damping may be described by the phenomenological Landau­
Lifshitz or Gilbert equation, although for high viscous damping, 
the latter should be used. A schematic plot of energy gradient 
versus wall position may be used to illustrate the difference be­
tween elastic and inelastic (and between reversible and irreversible) 
wall displacements. A distinction is made between minor and 
major inelastic wall displacements, which involve constant and 
varying wall areas, respectively. A random variation of such wall 
displacements in a polycrystalline specimen results in relatively 
smooth major and minor static M (H) loops. 
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describe the static and dynamic switching properties of square­
loop ferrite cores. These models may be extended to tape-wound 
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metallic cores if the effects of eddy currents are included. In 
Sec. 12-1, relations are established for magnetomotiveforce (mmf) 
and magnetic flux in single-leg and multileg cores. Experiments 
for studying the switching properties of a core are presented in 
Sec. 12-2. Models for static properties are proposed in Sec. 12-3. 
Elastic flux-switching models are developed in Sec. 12-4; it is 
shown that two separate components of elastic switching may be 
identified and modeled. Models for inelastic flux-switching, which 
usually accounts for most of the flux switching, are developed in 
Sec. 12-5; we similarly identify and model two different com­
ponents of inelastic switching. These models are applied in Sec. 
12-6 to computation on a digital computer of flux switching in 
magnetic circuits, and the results are compared with experimental 
data. 

12-1 MMF and Flux in Magnetic Cores 

The basic properties of magnetic materials are described in 
Chap. 11 in terms of the magnetization M and the magnetic field H. 
The magnitudes of M and H, which are point quantities, cannot be 
measured directly in magnetic circuits. Instead, their values may 
be deduced under simple geometrical conditions from measure­
ments of certain bulk properties of a magnetic core. 

Magnetic Field and Magnetomotive Force. Consider a closed­
path magnetic core of uniform material and uniform cross section, 
as shown in Fig. 12-1. Currents it' i2 • and i3 , which are applied to 

Fig. 12·1. Application of magneto· 
motive force to a closed-path mag­
netic core. 
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three windings of N1, N2, and N3 turns, respectively, generate a 
magnetic field H along the core. By definition, the mmf (magneto­
motive force) along a path 1 is 

F=jH'dl (12-1) 

Following Ampere's circuital law, the line integral of H . dl over a 
closed path is equal to the ampere-turns of the current linkage en­
closed, that is 

(12-2) 

For reference, we assume that Nkik is positive ifik inside the 
closed path comes out of the paper (generating H in the counter­
clockwise direction by the right-hand rule) and vice versa. Thus, 
the mmf acting on the core of Fig. 12-1, for example, is 

F = Nl i1 - N2 i2 + N3 i3 
(12-3) 

If the component of H along the path of integration is constant, 
then Eq. (12-2) reduces to 

(12-4) 

where l also designates the length of Path I. A constant circum­
ferential H along the core of Fig. 12-1 may be realized by using a 
large number of turns uniformly distributed along the core. With a 
toroidal core, a constant circumferential H may also be achieved 
with a single-turn central conductor. (The current returns via 
a remote wire or via a concentric tube outside the core.) In most 
practical magnetic circuits, neither of these winding conditions is 
met; nevertheless, Eq. (12-4) is still applicable because the vari­
ations in the circumferential H along the core are negligible. 
Hammond (1955) explained this phenomenon by considering a coil 
of N turns that carries a step current I, as shown in Fig. 12-2(a). 
The magnetic field H A at Point A (the middle of the coil) is much 
larger tha!l the magnetic field HB at Point B (far from the coil). 
Suppose that the same coil is now wrapped around a switchable 
ferromagnetic (or ferrimagnetic) core, as shown in Fig. 12-2(b). 
At the instant that a step I is applied, we have HA » HB as in 
Fig. 12-2(a), and, assuming that HA and HB are in a direction to 
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switch M· inelastically, then M at Point A changes much more than M 
at Point B. This results in a large build-up of magnetic poles 
(\7 • M) throughout the core and especially on the core surface, as 
shown in Fig. 12-2(b). These poles generate a magnetic field that 
subtracts from the H due to NI at Point A and adds to the H due to 
NI at Point B. As a result, the initial difference between the mag­
nitudes of M at Points A and B is reduced, and the pole density is 
decreased until H A ~ H B (H A is finally only slightly larger than H B)' 

In other words, the presence of magnetic poles in a switchable 
core tends to equalize H along the core, and therefore Eq. (12-4) 
is applicable to inelastic switching of practical (not too thin) cores 
even if the winding is not applied symmetrically. 

Fig. 12-2. Effect of magnetic poles on eqUalization of H (Hammond, 
1955). 

Magnetic Flux. The magnetic flux through a surface of area A 
is, by definition, 

¢ = [B. dA (12-5) 

where B = !La (M + Hl (Eq. (11-5». If the normal component of the 
flux density, Bn , is constant over A, then Eq. (12 -5) reduces to 

(12-6) 

Multileg Magnetic Core. Equations (12-1) through (12-6) are 
applicable to multileg cores as well as to single-leg cores. As 
expressed by Eq. (5-4), and also following Eqs. (12-1) and (12-2), 
for every closed magnetic path composed of E legs and linked by m 

windings, we have 

(12-7) 
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where F j is the mmf along the jth leg. Neglecting air flux, follow­

ing Eq. (12-5) and Maxwell's equation i B . dA = 0, then in every 

core junction of n legs 

(12-8) 

where ¢j is the flux of the jth leg, and hence also 

n 

:E¢j = 0 
j=1 

(12-9) 

Consider, for example, the saturable core and its mmf drives 
in Fig. 12-3. The core consists of three legs, 1,2, and 3, and two 
junctions, A and B. Assume that the positive direction of F in each 
leg is the same as that shown for ¢, that is, counterclockwise 
around the large aperture. Applying Eqs. (12-7) and (12-9) to this 
case, we obtain 

(12-10) 

(12-11) 

and 

(12-12) 

Note that there are two independent loop (path) equations and one 
independent node (junction) equation. These three equations include 
six unknowns, Le., the ¢ and F of each of the three legs. The other 

Fig. 12·3. Current drives and flux closure in a 
three-leg core. 
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three equations that are necessary to solve for these six unknowns 
are based on the functional relationship 

(12-13) 

for each leg (j = 1, 2, 3). Derivation of the functional form of this 
relationship, which describes the magnetic flux-switching proper­
ties of a leg, is the main topic of this chapter. 

In general, if a core has ne legs and nj junctions, there are 
(ne - nj + 1) independent loop equations and (n j - 1) independent 
node equations (Guilleman (1953», i.e., a total of ne independent 
network equations. (For a single-leg core, such as a toroid, 
ne = nj = 1 since the leg closes on itself.) These ne equations are 
supplemented by additional ne flux-switching equations, each of the 
form of Eq. (12-13), providing a total of 2ne equations for the solu­
tion of the 2 ne unknowns, i.e., the ¢ and F' of each of the ne legs. 

The magnetic properties of each leg in a multileg core are 
similar to the properties of a si)lgle-leg core of the same mate­
rial and of the same cross section and length. However, the 
measurement of these properties in a multileg core is difficult 
because the F' and ¢ of each leg depend on the F' and ¢ of all the 
other legs (as is illustrated in the example above). Consequently, 
whenever possible, these properties are measured on a single-leg 
core with the simplest geometry, namely, a toroid. 

12-2 Flux-Switching Experiments 

Flux-switching models to be developed here are based on the 
results of fundamental flux-switching experiments performed on a 
thin toroidal ferrite core. Two arrangements of the core and the 
drive and sense windings are shown in Fig. 12-4. The arrangement 
in Fig. 12-4(a) may be used if the rise time of the test mmf (which 
sets the core or drives it further into saturation) is not too short 
(e.g., about 20 nanoseconds or longer). However, for shorter rise 
times, an arrangement such as in Fig. 12-4(b) should be used 
in order to minimize the ringing and distortion due to the capaci­
tance of the sense and drive windings. 

In Fig. 12-4(a), the core is driven by two mmf drives: (1) A 
clear mmf F' CL' generated by a current pulse of amplitude ICL 

through a distributed winding of NCL turns, which switches the core 
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to negative saturation, and (2) a test mmf F , generated by a current 
pulse of amplitude I through a single-turn, central-conductor wind­
ing, which switches the core to any level between saturation flux 
levels -cPs and +cPs• The resulting ¢(t) is sensed by a sense wind­
ing of Nv turns, and the voltage Nv¢(t) is applied to an oscilloscope, 
or to an integrator if we wish to measure the change in flux, 
tlcP • 

Test 
winding 

k 
_____ To oscilloscope 
~ or 

From 
mercury-relay 
pulser 

I-

\. Li~~measurement 
'\ Instrument 

Sense winding 
Sense winding , 

(1Icm long. Awg,no.48wire) 

(a) For medium-rise-time test pulses (b) For short -rise-time test pulses 

Fig. 12·4. A thin core and windings in flux·switching experiments (Nitzan et ai" 1966), 

The arrangement of Fig. 12-4(b) is similar to that of Fig. 12-4(a) 
except for the following: First, both the clear and test moo are 
generated by applying currents of opposite polarities to a single­
turn, central-conductor winding. Second, ¢ is sensed by a single­
turn winding made of as short and fine a wire as practical in order 
to minimize its capacitance. Third, the short-rise-time clear and 
test current pulses are generated by discharging a coaxial trans­
mission line into a matched termination via a mercury-relay 
switch. We shall refer to this arrangement later in this chapter 
when dealing with fast-rising drive pulses. 

Typical waveforms of trapezoidal clear and test pulses used in 
Fig. 12-4(a) are shown in Fig. 12-5(a). The clear pulse has a 
duration T CLf and the test pulse has a 10-percent to 90-percent 
rise time T r and a duration T. The resulting ¢ (t) waveforms are 
shown in Fig. 12-5(b). The corresponding variations of cP versus F 
and ¢ versus cP are shown in Fig. 12-5(c) and (d), respectively. 

In order to assure a reproducible remanent state of cP = -cPr' 
the amplitude NCL1CL and the duration TCL must be large enough 
to switch the core far into negative saturation. In some cases it is 
desirable to switch the core first into positive saturation, before 
switching it into negative saturation, in order to wipe out possible 
360 0 Bloch walls (see Hewitt and Overn (1963)). 
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(o)Fvs.t 

i, (t)o¢,,(t)+¢,w(t) ¢i(t) 

!¢ 

( ~t"~ 

¢ld(t) [deCaYing minor ¢l (tl] 

T 
¢lm(t)[mOln ¢L(tl] 

(b) ¢ vs. t 

tF 

Static ¢(F) 
loop 

iJ ¢CL 

(c) ¢ vs. F 

(d) ¢ vs. ¢ 

Fig. 12-5. Waveforms of F(t) and ¢(t) and variations of ¢(F) and ¢(¢) during 
a full cycle in a flux-switching experimem. 
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The resulting ¢«) waveform (Fig. lZ-5(b» is composed of an 
elastic ¢ (t) spike, denoted by ¢ E «), and a bell-shaped inelastic ¢ «), 
denoted by ¢iW. We shall show later that ¢E «) has two components, 
¢a(t) due to elastic rotation of magnetization and ¢EW (t) due to 
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elastic domain-wall motion, and, if F is too low to cause inelastic 
rotation of magnetization, that ¢i(t) also has two components, a 
decaying component ¢id(t) due to minor domain-wall displace­
ments, and a bell-shaped main component ¢im (t) due to major 
domain-wall displacements. The smaller the values of T r and F, 
the more distinguishable are t~e components ¢EW and ¢id W , 
Masking of these components by ¢im (t) during the clearing time in 
Fig. 12-5(b) is caused by the relatively long rise time and high 
amplitude of the clear mmf pulse. 

With a long test pulse (ideally, T -> 00 ), flux switching is com­
pleted during the pulse, that is, ¢ reaches a static value, ¢d • 

(See Fig. 12-5(c) and compare with Figs. 11-17 and 11-18.) 
The measurement of the flux change !'I.¢ needed to determine 
¢ d is performed by applying the sensed voltage N v ¢ (t) (Fig. 
12 -4(a» to an R-C integrator. Due to integrator decay, however, 
the measured I'I.¢ has an error which is smaller the smaller the 
switching time. For this reason, the set flux I'I.¢ = ¢r + ¢d is 
determined by measuring the flux change I'I.¢CL during the clear­
ing time and subtracting the elastic component, that is, I'I.¢CL 

corresponding to F = 0 (see Fig. 12-5(c». By repeating the mea­
surement of ¢d for various positive and negative values of F , 
one obtains the major static ¢ (F) curve. If F is large enough to 
saturate the core, then ¢d(+F) = -¢d(-F). On the basis of this 
anti symmetry , the reference ¢ = 0 is established by letting F = 

NCL ICL = -F CL and dividing the corresponding I I'I.¢CL I by two, 
that is, ¢d at F = NCL ICL is equal to I I'I.¢CL I /2. Once the ref­
erence ¢ = 0 is established, the remanent flux ¢r is determined 
by equating -¢r to ¢d corresponding to F = O. The static ¢<F) 

curve intersects the Faxis (¢d = 0) at the coercive mmf Fe' If 
we now add a second curve anti symmetric to the static ¢(F) curve, 
we obtain the overall static ¢<F) loop, which is shown dotted in 
Fig. 12-5(c). 

Flux-switching properties from a remanent state ¢ = -¢r' 
such as is shown in Fig. 12-5, are classified into three cate­
gories: 

1. static ¢ (F) curve 
2. elastic ¢(t): ¢E W = ¢aW + ¢EWW 
3. ine lastic ¢ (t): ¢ i (t) = ¢ id W + ¢ im (t) 

Flux-switching models describing each of these properties are 
presented in the following three sections. 
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12-3 Static ¢ (F) Models 

Hyperbolic Model for Static M (H). Consider a toroidal core 
of dimensions ri (inside radius), ro (outside radius), and h (height). 
If the core is thin (that is, riri is close to unity) and driven cen­
trally, as in Fig. 12-4, then M and H may be assumed to be uniform 
across the core. In this case, the static M (H) curve may be obtained 
directly from the static ¢(F) curve in Fig. 12-5(c) by using the 
relations 

(12-14) 

and 

(12-15) 

It is found empirically that the static M (H) curve of a ferrite core 
may be described quite closely by two hyperbolas, one for the sat­
uration region and the other for the nonsaturation region, which 
intersect at H = H dmin , as shown in Fig. 12-6. Denoting the static M 
value for a given H value by Md ' we find that 

)
i -M _ (M _ M ) _H_ 

r s rH_H 
a 

for H < H min 
- d (12-16a) 

) H - H 
( -Mr + (M s + Mr) ---q 

H - Hn 
for H > H min 

- d (12-16b) 

where Ms is the saturation magnetization and H a, Hn' and Hq are 
empirical material parameters. Note that the asymptotes of the 
hyperbola describing Md(H) for H S H dmin are M = -Ms and H = Ha 

and that the asymptotes of the hyperbola describing Md(H) for 
H ::::. H d m in are M = M sand H = H n • 

For either a thin or a thick core, M/M s = ¢/¢s ' where ¢s = 

Msflo h(ro - ri ) is the saturation flux. Equating Eqs. (12-16a) and 
(12-16b) in order to find their intersection point, and replacing 
M/M s by ¢/¢s' the following expression is found for the static 
threshold field 

where 

H min 
d 

¢r 
H + H + Hn + - (H a + H - Hn) 

a q ¢ q 
s 

(12-17) 

(12-18) 
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By equating Eq. (12-16b) first to zero and then to Mr , and again 
replacing M/Ms by ¢/¢s' we obtain expressions for the coercive 
force He and the field Hr at which Md = Mr (see Fig. 12-6) 

and 

¢r 
He = Hq + - <Hq - Hn} 

¢s 

Hq + <Hq - 2Hn)(¢/¢) 

1 - (¢/¢) 

(12-19) 

(12-20) 

The squareness of the static M(H) curve for H ? Hdmin may be 
described by the ratio H/Hn, where H/Hn ? 1. The closer H/Hn is 
to unity, the sharper is the upper knee of the static M (H) curve. In 
the limit, as HqlHn -> 1, the static M(H) region expressed by Eq. 
(12-16b) becomes ideally square. 

~:~·-=~~~~=-=====-I-----/~-
Hmin I I L 

t d~ H J H / I Asymptote 
Md Hq -M +(M +M ) --q / I 

r s r H-Hn I I 
Hn\ I / I 

Fig. 12-6. Hyperbolic model for the static M(H) curve of a ferrite core. 

A Model for the Static ¢ (F) Curve. The hyperbolic functions in 
Eqs. (12-16a) and (12-16b) describe the static M (H) curve of the 
core material and also, in conjunction with Eqs. (12-14) and (12-15), 
the static ¢ (F) curve of a thin toroid. This hyperbolic model will 
now be used to calculate the static ¢ (F) curve of a constant-width 
leg of more general shape. 

Fig. 12-7 shows the top view of a leg of constant width w, con­
stant height h, angle ex, length of the short edge I;, and length of 
the long edge 10 , (For a toroid, ex =.277, Ii = 277T i• and 10 = 277To') 
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A curve of length 1 is drawn at a distance x from the short edge. 
Let R be the radius of curvature of the short edge (R varies along 
the leg). A segment of angle de is drawn perpendicular to the leg 
edges. The difference between the segment elements dl and dl i is 
d(l - li) = (R + x) de - Rde = xd8, which, upon integration along the 
leg, yields (l - 1 i) = xa. Hence, 

li + ax (12-21) 

where, since 1 = lo for x = w, 

1 - l. a , 
(12-22) 

w 

The angle a may vary between two extremes: a = 0 (for a leg 
whose ends are parallel and, therefore, li = lo) and a = 277 (for a 
single-leg core, such as in Fig. 12-1, or a toroid). 

(R+x)dB 
RdB 

R 

Fig. 12-7. A constant-width leg. 

Assuming that H = FIl, that is, H is constant along a path 
of constant x in Fig. 12-7, application of Eq. (12-21) gives 

H = 
F 

Ii + ax 
(12-23) 

Substitution of Eq. (12-23) into the hyperbolic model for static 
M(H) (Eqs. (12-16a) and (12-16b» results in Md(F',x) functions. 
Integrating ilOMd(F',x)hdx from x = 0 to x = w, we obtain the 
following expressions for the static ¢ (F) curve in three regions 
of F: 
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where 
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VI F En a a _ ¢ (
F - H l ~ 
F-Hl. r 

a I 

for F < F min - d 

[ (1 1) (F -Hn lo~ Vz l - l. + F - - - En - ¢ 
a I H H F-H t. r 

n q n I 

for H minl < F 
d a -

VI 
¢s - ¢r 

([0 - lil Ha 

Vz 
<¢s + ¢rlHq 

([0 - lil Hn 

F min - H min l 
d - d i 

(12-24a) 

(12-24c) 

(12-25) 

(12-26) 

(12-27) 

Note that the material at the inner wall of the core reaches 
switching threshold as F reaches Hdminli' and that the material at 
the. outer wall reaches threshold as F reaches Hdmin lo. For 
F d mIll S F S H d mIll la, the term representing flux change in the outer 
section of the leg, where H < Hdmin , is negligible compared with 
the total flux change. For this reason, this term is not included in 
Eq. (12-24b). 

The contribution of "air flux" ¢air is also not included in Eqs. 
(12-24) because in practical applications it is usually negligible 
(unless I F I » Fe). However, to determine the magnitude of ¢air 

in the core itself, we apply Eq. (12 -2 3), and integrate hllo Hdx = 

hila Fdx/([ i + axl from x = 0 to x = w. We thus obtain 

AIlO (lo) ¢. = F-- En-
au l _ l. l. 

a I I 

(12-28) 

where A = hw is the cross-sectional area of the leg. The total air 
flux linking a loose winding around the core is larger than ¢ air 

given by Eq. (12-28). 



MAGNETIC FLUX-SWITCHING MODELS 299 

Determination of Parameters. Seven parameters are needed to 
compute cPd(F): Ii and 10 (dimensions), cPr and cPs (flux capacities), 
and H a' H n' and H q (material field parameters). Because of possible 
tapering in a ferite core, Ii and 10 should be measured on both 
faces of the core and averaged. The value of cPr is readily avail­
able from the measured static cP(F) curve (Fig. 12-5(c». The re­
maining parameters may be computed by curve fitting of Eqs. 
(12-24) with the measured static cP (F) curve. (For some ferrite 
cores, cPs ~ 1.1cPr in a region of practical interest, e.g., for 
IF I :s 10 F c' and, therefore, cPs need not be computed.) Curve 
fitting of experimental data with a given model is generally 
achieved by the method of least-mean-square error, i.e., by 
minimizing the sum L. EJ.2, where E. is the difference between the 

J J 
computed and the measured variable. In this case, E j = cP d, comp -

cPd at the F value of the jth experimental point. This type of ,exp 
computation is most economically performed on a digital computer. 

Experimental Verification. The model for static cP (F) in Eqs. 
(12-24) is found to be quite useful for a variety of ferrite cores. 
An example of a very close agreement with experimental data is 
shown in Fig. 12-8. In this example, a three-leg core was utilized 

30,---,---,---,---,----,---,---,---, 

20 

t 
o 0 0 Measured 
-- Calculated 

10 

>< 0 
:2' 

-& 
-10 

-20 

-30L---~--J----L--~~~----~--~--~ 

-2.0 -1.5 -1.0 -0.5 o 0.5 1.0 1.5 2.0 
F.At ~ 

Fig. 12-8. Measured and computed static 10 (F) curve at room temperature. 
Material (Telemeter Magnetics T-5 ferrite) parameters: 10 r = 25.67 Mx; 10 s= 
27.6 Mx; H a = 230 At/m; Hn= 32.0 At/m; H q= 36.0 At/m. Dimensions: Ii = 
10.56 mm; 10= 16.47 mm; h= 1.31 mm. (Nitzan, 1964.) 
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in forming a "core" consisting effectively of two legs of identical 
cross section. Flux switching in the third leg Was prevented by 
linking it with a short-circuited turn. The values of li and lo given 
in the figure caption are the sums of 1 i and lo of the two switchable 
legs. 

Discontinuous Static <p (F) Curves. If the static M (H) curve is re­
entrant, then, as the applied H reaches the H threshold, Md jumps 
to some value Mdd between -Mr and +M r • As explained in connection 
with Fig. 11-17, this phenomenon occurs if the peaks of the energy 
gradient versus wall position corresponding to M = -Mr are higher 
than the following peaks in the region -Mr < M .:s M dd • In this case, 
Eqs. (12 -16) are still directly applicable, except that H d min is 
replaced by a threshold field larger than Hdmin calculated from 
Eqs. (12-17) and (12-18). 

Similarly, if the measured static <p (F) curve exhibits a jump to 
some value <Pdd between -<Pr and <P r , then Eqs. (12-24) in conjunc­
tion with Eqs. (12-17) and (12-18) are still directly applicable, 
except that F min > H min 1 (Note that if F min > H min 1 then 

d d i· d d o' 
Eq. (12-24b) is bypassed.) An example is shown in Fig. 12-9 for 
three nominally identical commercial ferrite cores. 
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Fig. 12-9. Measured and computed discontinuous static cP (F) curves at T = 25°C. Core type: 
Lockheed 100SCl (100 mils OD; 70 mils ID); cPr= 6.52 Mx; cP s = 7.17 Mx; Ha = 307 At/.m; Hn = 
36.0 At/m; H q = 40.8 At/m; I i= 5.59 mm; 10 = 7.98 mm; h = 0.762 mm (Nitzan et al .. 1966). 
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12-4 Elastic ¢ (t) Models 

Introduction. It was shown in Sec. 11-4 that application of an 
external H pulse, Hap' may cause the magnetization M to switch by 
either rotation of magnetization or by domain-wall motion or both. 
In each case, the switching may be inelastic or elastic, depending 
on whether or not there is a net change in magnetization when Hap 
is removed. Typical experimental data of elastic and inelastic ¢ (t) 
waveforms and the corresponding variation of ¢ (¢) and ¢ (F) were 
shown in Fig. 12-5. The elastic ¢(t) has two components, that is 

(12-29) 

where ¢ a (t) is generated by elastic rotation of magnetization and 
¢€w <t) is generated by elastic domain-wall motion. For relatively 
slow-rising F pulses, we will find that ¢ (t) may be modeled by the 

., € 

simple relation ¢ € = f F, where f is a coefficient. However, the 
response is more complex for fast-rising F pulses. The purpose 
of the following two sections is to develop the equations of motion 
for each of the ¢€ components, first assuming fast-rising F pulses 
and then simplifying the results for the cases of medium-rising 
and slow-rising F pulses. 

A Model for ¢€(t) Due to Rotation of Magnetization. Consider a 
single crystallite and assume that its magnetization M is saturated 
along an internal field Hi '" Hk + Hdm , where Hk is the anisotropy 
field (Eq. (11-27», and Hdm is the demagnetizing field. An applied 
field Hap causes M to spiral within a small solid angle eo into align­
ment with the total field H = Hi + Hap' as shown in Fig. 12-10. Let 
the plane formed by Hi and Hap define the y - z plane, and let the 
resultant total field H = Hi + Hap be along the z axis. The angle be­
tween H and Mo (the initial M) is eo' and the angle between H and 
Hap is t/J. 

Assuming that H is constant in time, then on the basis of the 
Landau-Lifshitz equation, Eq. (11-32), or the Gilbert equation, 
Eq. (11-33), the variations of ew and ",(t) during the transient time 
are expressed by Eqs. (11-38) and (11-39), respectively. The com­
ponent of M W along Hap is sensed during this transient time. De­
fining the direction of Hap as the y' axis, we wish to calculate MaW, 

the component of M (t) along the y' axis. 
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z' 

, 
X; X 

Fig. 12·10. Damped precession of a magnetization 
vector toward alignment with the total field H. 

The components of M in the (x, y, z) coordinate system are 

Mx = Ms sine cos'll ~ 
My = M s sin e sin'll 

Mz = Ms cose 

(12-30) 

where Ms is the magnitude of M. Since the (x', y; z') coordinate sys­
tem is obtained by rotating the (x, y, z) coordinate system around 
the x axis by the angle (77/2 - ljJ), we obtain 

Ma = Ms (sine sin<p sinljJ + cose cosljJ) (12-31) 

Substitution of Eqs. (11-38) and (11-39) into Eq. (12-31) yields 

Ms 

[1 - e-2 (t/T) tan2 <eo/28 cosljJ - 2e-(t/T) tan(eo/2) cosmo sinljJ 

(12-32) 

where T and Q are expressed in Eqs. (11-36) and (11-37), re­
spectively. Since, usually, the value of (fo under elastic-switching 
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conditions is small, then tan2Wo/2l « 1 and Eq. (12-32) reduces to 

M (t) = M cost/J - 2M sint/J tan (60) e-(tl T ) cosmo (12-33) 
ass 2 

Differentiating Eq. (12-33) with respect to time, we obtain 

We now wish to show that Eqs. (12-33) and (12-34) have the 
same forms as the solutions to the second-order differential 
equation 

(12-35) 

where Xr is the rotational susceptibility and MaO is the initial value 
of Ma' Assuming that initially !VIa = 0, the Laplace transform of 
Eq. (12-35) for a step Han (t) is 

(12-36) 

For the underdamped condition (that is,(\ < 2V7!r)' which is quite 
likely to be the case (cf. Smith (1958); Wolf (1961); Nitzan and 
Hesterman (1967)), the inverse function of Eq. (12-36) yields 

M (tl = M F _ XrHap -[8,/(27),)]1 ~ 
. a aO + Xr 'a e cos 

p Vl-[0//(47!rl ] 

where 

Or 'r = 2v7!; 

~ _(~)2 t _ sin-I,) 
7!r 27!r j 

(12-37) 

(12-38) 

Differentiating Eq. (12-37) with respect to time, we obtain 

!VIa(t) 
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Equations (12-33) and (12-37) are of the same form, except for 
the phase angle sin-1'r in the latter, which results from assuming 
the initial condition MaO = 0 in deriving Eq. (12-36), whereas ac­
cording to Eq. (12-34), MaO = 2Ms sinl/J tan(eo/2}/r. In any case, if 
0r2 «2TJr (low damping), then 'r « I, and sin- 1 'r ~ O. Under this 
condition, the expressions for Ma (t) in Eqs. (12-33) and (12-37) are 
equivalent. By equating the terms representing the decay time 
constant and the frequency of oscillation, we obtain the relations 

2 TJ r 
(12-40) r 

or 

and 

n ~, -(:S (12-41) 

Using Eqs. (12-40) and (12-41), the low damping condition 
0r2 « 2TJ r is equivalent to the condition <Or}2 » I, which amounts to 
[A/(yM s)]2 « 1 according to the Landau-Lifshitz equation, and a 2 « 1 
according to the Gilbert equation (see Eqs. (11-36) and (11-37». 

Equating the expressions for r, Eqs. (11-36) and (12-40), and 
for n, Eqs. (11-37) and (12-41), we obtain the following relations: 

1 
(Landau-Lifshitz) 

H2 [Y2 + (A/Ms}2] 

TJ r (12-42) 
1 + a2 

(Gilbert) 
H2y2 

and 

2 (A/M) 
(Landau-Lifshitz) 

H [72 + (A/M s}2J 
(12-43) ° r 2a (Gilbert) 

Hy 

Equating the initial and final values of Ma in Eqs. (12-32) and 
(12-37), we obtain the relations 
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(12-44) 

and 
(12-45) 

Substituting Eq. (12-44) and the trigonometric relation Hap 

Hi sineo/sintjl into Eq. (12-45), we obtain 

(12-46) 

and with tjI » eo/2 , Eq. (12 -46) reduces to 

M 
8 • 2. 1• X ~ - sm 'I' 

r H. 
I 

(12-47) 

We have seen that a second-order differential equation, Eq. 
(12-35), may be used to describe the component of elastic rota­
tion of magnetization of a single crystallite (or a domain) along 
the applied magnetic field that causes this rotation. Applied 
to every j th crystallite (of volume vj ) in a polycrystalline speci­
men, Eq. (12-35) then describes the overall Ma of the specimen, 
provided that Xr represents an average value, that is 

1 M v. sin2 .1 •. 
~ _8 ~ J 'l'J 

Xr = ~ .l.JXrjVj ~ .l.J 
""J' vJ' i ~V. j H .. i J IJ 

(12-48) 

For simplicity, suppose that the leg is thin enough to assume 
uniform M and applied H across it. Substituting Hap = F/t and 
M = </>/(110 A) into Eq. (12-35), we finally obtain a model for the 
component of ¢ due to elastic rotation of magnetization. Thus, 

(12-49) 

where 

(12-50) 

is the elastic rotational change in the component of flux along the 
applied field, and 

A 
X flo-

r t (12-51) 
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The term TJr¢Er in Eq. (12-49) is negligible if Tr » 2TJ/or (for 
example, T ,(, 10"1/0 ). where T is the rise time of the F pulse. r T' r 
Under this condition, Eq. (12-49) reduces to 

(12-52) 

If, in addition, Tr » or' then Eq. (12-49) reduces further to 

(12-53) 

A Model jor ;PE(tl Due to Domain-Wall Motion. Consider a 180 0 

Bloch wall lying in the x-y plane and suppose that the wall undergoes 
a small elastic displacement in the z direction as a result of an 
applied field Hap' A schematic variation of the gradient of the total 
energy E with wall-position z is illustrated in Fig. 11-16. Per unit 
wall area, the applied force 2110MsHap is opposed by three forces 
(cf. Kittel and Galt (1956»: by dE/dz ~ kz, where k is the stiffness 
coefficient of a restoring force; by (3z, where (3 is the viscous­
damping coefficient; and by mwz, where mw is the ejjective mass of 
the wall. The equation of motion of a small wall displacement from 
equilibrium is, then. 

(12-54) 

Assuming that Eq. (12-54) describes the motion of a typical wall 
whose properties represent the average properties of all the walls 
moving elastically, we may replace z by bM EW' where b is a pro­
portionality constant and MEW is the change in M due to the elastic 
wall motion. Denoting the wall-motion susceptibility by xW' Eq. 
(12-54) then becomes 

MEW + 0WMEW + TJWMEW XwHap (12-55) 

where 

Ow 
(3 (12-56) 
k 

mw 
(12-57) TJ w 

k 

and 

2110 Ms 
(12-58) Xw 

kb 
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Multiplying Eq. (1.2-55) by flo A and replacing Hap by F II , we 
obtain a model for ¢ due to elastic wa.ll motion, which, like the 
¢Er model, is also a second-order differential equation: 

(12-59) 

where 

(12-60) 

The term TJW¢EW in Eq. (12-59) is negligible if Tr » 2TJwlaw (for 
example, T r ~ 10 TJja w ). Under this condition, Eq. (12-59) re­
duces to 

(12-61) 

Furthermore, if also Tr » aw ' then Eq. (12-59) reduces further to 

(12-62) 

Total ¢o W. The total elastic ¢W is expressed in Eq. (12-29) 
as the sum of the rotational component ¢u(t) (Eq. (12-49» and the 
wall-motion component ¢EW(t) (Eq. (12-59». Theoretical waveforms 
of ¢u(t) and ¢EW(t), in response to an applied mmf pulse of ampli­
tude F D and a short rise time T r , are drawn in Fig. 12-11. On the 
basis of experimental observation to be described later, it is as­
sumed that ¢ u(t) is underdamped, whereas ¢ EW (t) is close to critic­
ally damped (slightly underdamped or slightly overdamped). Thus, 
following Eqs. (12-49) and (12-52), the ¢u(t) component is oscilla­
tory if Tr is not large compared with 271/ar• 

It was found experimentally that the parameters a, 'I, and E 

corresponding to either ¢EW or ¢ET may depend on T r• If Tr » 
max(TJwlaw; TJ/a r) and aw ~ ar = a, then Eqs. (12-52) and (12-61) may 
be combined to describe the overall ¢ E by 

(12-63) 

where 

(12-64) 

Furthermore, if also Tr» a, then Eq. (12-63) maybe Simplified to 

(12-65) 
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In other words, if F(t) is relatively slow-rising, then the elastic 
¢ is simply 

fF (12-66) 

as noted in the introduction to this section. 
For example, in a pulse experiment to be described later, it 

was found that or = 0.28 nsec, T/ r = 0.08 nsec 2 , Ow = 4 nsec, and 
T/ w = 2 nsec2 for a magnesium-manganese-zinc ferrite core. For 
this core, then, if T r,(, 3 nsec, then Eq. (12-49) may be approxi­
mated by Eq. (12-52), and if Tr ,(, 5 nsec, then Eq. (12-59) may be 
approximated by Eq. (12-61). It was further found that or and Ow 
increase with T r; for example, for T r = 65 nsec, or ~ Ow ~ 6 nsec; 
hence, if Tr,(, 60 nsec, then ¢E ~ fF (Eq. (12-66)). Determination of 
f is discussed below. 

'-B­
u 

V> 

'" W 

t~ 

Fig, 12-11. Post~lated wa,:eforms of <toE (t) and 
its components ¢Er(t) and ¢EW(t), in response to 
applied F (t) of amplitude F D and short rise time 
T r (less than a nanosecond), 

Let the top and bottom portions of the major static ¢ (F) loop, 
where I ¢ I > ¢r' be referred to as "saturation regions," in ab­
breviation of "regions of approach to saturation." Any flux switch­
ing occurring in a saturation region is elastic, and if the rise of 
F (t) is slow enough to justify the use of Eq. (12 -65), the ¢ E versus F 
traces the static ¢ (F) curve in this region. Recalling that initially 
¢E = 0, then ¢E versus F amounts to the change in ¢d versus F (Eq. 
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(12-24(a». If the change in F (around a bias value) is not excessive, 
then the switching is confined to a limited ¢d(F') region that may be 
approximated by a straight-line segment, i.e., with ( assumed 
to be constant and equal to d¢/dF. Extending Eq. (12-24a) to the 
positive saturation region by using the anti symmetry property 
¢d(F) = -¢d(-F), adding the air-flux term (Eq. (12-28», and dif­
ferentiating with respect to F, we obtain the following relation for 
(F') , which is valid for either positive or negative saturation 

(12-67) 

If the switching takes place around F = 0, then ( '" dOl and Eq. 
(12-67) reduces to 

dOl 

On the basis of Eqs. (12-67) and (12-68), symmetrical plots of 
( versus F in negative and positive saturation regions are sketched 
in Fig. 12-12. 

Negative saturation 
region 

o 

€(O) 

'-........ 

........ -
Positive saturation 

region 

---------
F~ 

Fig. 12·12. E vs. F in saturation regions. 

Switching from a Partially Set State. Equations (12-67) and 
(12-68) are valid along the saturation regions, where I ¢ I > ¢r and 



310 DIGITAL MAGNETIC LOGIC 

where I F I may be quite large. Now, if the initial flux CPo is between 
-CPr and CPr' then the core is in a partially set, or "soft," state. 
Assuming that the duration of F (() is not too short, no pure elastic 
switching can occur from this state unless I F I is below the corre­
sponding static F threshold. We shall, therefore, confine our dis­
cussion to elastic switching due to small changes in I F I around the 
zero value, i.e., examine only dO). Following the relation f = fr + fw 

(Eq. (12-64», dO) has two components, fr(O) due to rotation of 
magnetization and fw (0) due to domain-wall motion. Assuming that 
the magnetization vectors that have been involved in changing cP 
from -CPr to CPo have switched by 180 0 , the value of fr(O) may be 
considered independent of CPo because the small angle of rotation 
(due to the applied torque) is essentially the same for parallel and 
anti parallel magnetization vectors. In contrast, f w (0) depends very 
highly on the total domain-wall area LAw. Since LAw varies with 
CPo and since the same CPo value may correspond to different values 
of LAw' the function f w (0) versus CPo is not unique. It is said to be his­
tory dependent in the sense that the value of fw (0) depends on how 
the flux state CPo was obtained. For a given value of CPo , the faster 
the previous switching, the larger the number of domains that have 
expanded inelastically and the larger is LAw; hence, the larger 
is fw (0). Therefore, dO) depends on both the initial cP and the flux­
switching history in the manner illustrated schematically in Fig. 
12-13. Such a behavior has been observed experimentally by 
McKay (1959). 

Fast } 
Medium previous switching from-~r to ~o 

Slow I I 

o ~r 
~o~ 

Fig. 12-13. Effects of <PO and previous switching on elastic­
switching coefficient E(O). 
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Fast-Switching Experiments. In order to examine the validity 
of the models for ¢ Er (t) and ¢EW (f), Eqs. (12-49) and (12-59), 
elastic-switching experiments using fast rising F (t) pulses were 
performed on a thin toroidal polycrystalline ferrite core. In 
Table 12-1 are given the composition, the dimensions, the static 
¢(F) parameters, the elastic sWitching parameters, and the inelas­
tic switching parameters (to be defined in Sec. 12-5) of this core. 
Results of elastic and inelastic flux-switching experiments per­
formed on this core will be referred to several times in the re­
mainder of this chapter. 

Table 12-1 Parameters at T = 30°C of a Thin Toruidal Polycrystalline 

Ferrite Core Used in Several Flux-Switching Experiments 

Nominal composition: 

Dimensions: 

Static ¢ (F) parameters: 

¢ E parameters: 

¢ id parameters: 

¢im parameters: 

Note: 
Mx-maxwell 

t-turn 
A-ampere 

ns-nanosecond 

ri 3.53 mm; ro = 3.75 mm; ro/ri = 1.06; 

h 0.69 mm; W = 0.22 mm; A = 0.149 mm 2 • 

¢ r 3.45 Mx; ¢ s = 3.73 Mx; Ha = 950 At/m; 

Hq 35.0 At/m; Hn = 30.0 At/m; Fe = 0.90 At. 

Dr 0.28ns; 1)r=0.08(ns)2; 

Er 0.14(1 - 0.005FD) '10-9 HC2; 

OW 4.0 ns; 1) w = 2.0 (ns)2; 

Ew 0.266(1 - 0.008FD) .10-9 Ht-2. 

Fidmax 0.55 At; vid:::: 1.33; Aid:::: 0.013 Qt-2• 33A-o.33; 

C id 0.1 At-fIS. 

Fdmin 0.78 At; v' = 2.5; ,\ = 0.124 flt- 3 . 5A-1. 5; 

F; 0.92 At; v = 1.33; ,\ = 0.069 Ot- 2. 33 A-a.33; 

Fa 1.45 At; Pp = 0.113 flt- 2; 

F~ 1.08 At; F B = 3.12 At. 

fIs-microsecond 
H-henry 
fl-ohm 

The core was mounted in a section of a 50-0 coaxial trans­
mission line, as shown in Fig. 12-4(b). Rectangular current pulses 
were generated by a mercury-relay pulser. The pulse amplitude [ 
was varied in five steps from 0.9 to 40 amperes', while the 10%-90% 
rise time Tr remained constant at 0.4 nanosecond. The current 
pulses switched the core elastically from ¢ = ¢r further into the 
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positive saturation region and back (sometimes referred to as 
"shuttle" switching). The resulting ¢E(t) was sensed by a single­
turn winding of a short fine wire (1.1 em of AWG No. 48), chosen 
to minimize the winding capacitance. The waveforms of the drive 
current and the positive portion of ¢E(t) were photographed on a 
sampling oscilloscope with a 0.4 nanosecond response time. In­
cluded in the ¢E(t) waveform was a component due to air flux 

(12-69) 

where Asw is the projection of the sense-winding area normal to 
the applied circumferential field H = F Il. The value of 110 Aswll was 
determined experimentally from the peak values of the ¢air (t) and 
F (t) waveforms observed with the core removed. 

The ¢E parameters in Table 12-1 were determined by fitting 
the computed sum ¢u(t) + ¢EW(t) + ¢air(t) with the observed ¢E(t) 

for all five values of drive. As may be seen in the table, values 
of (r and (w were found to decrease as the amplitude F D of the 
drive mmf increased. (The nonlinear relation of ( versus F in 
Fig. 12-12 is approximated here by a straight line.) 

Two examples of experimental and computed F (t) and ¢E(t) 

waveforms are compared in Fig. 12-14 for the extreme F D values 
of 0.9 and 40.0 ampere-turns. The oscilloscope response time was 
accounted for by assuming the computed F (t) to rise earlier than 

F F 

t 
if I; 

J I: 

Ii 10.25 At ,; 110 At 

1--+1 ns r+lns 

~ 1>. 4>. 
I; ! 0.05 Vlt f! t 2.0 Vlt 
,: \ /: 

IJ \ ,; \ 

if \ -~ - - -

Fig. 12-14. Experimental (dotted and solid line) and computed 
(dashed line) F(t) and ¢E(t) waveforms of a thin ferrite core 
(Table 12-1) using F(t) with T r = 0.4 ns and different values of 
amplitude F D (Nitzan and Hesterman, 1967). 
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the experimental F (t) according to the relation 

T ~ VT 2 T2 
r,obs r + T,OSC 

(12-70) 

where T r•obs is the observed T r , and Tr.os c is the response time of 
the oscilloscope. From Fig. 12-14, it is found that T b ~ 0.56 

T,O S 

nanosecond for both values of Fo; the same value of T b was 
f,O S 

found for all intermediate values of F o' Since Tr.os c = 0.4 nano-
second, then T r ~ 0.4 nanosecond for all values of F o' As expected, 
the experimental ¢E(t) waveforms lag behind the computed wave­
forms due to the oscilloscope response time. For the same rea­
son, the peaks of the computed ¢E (t) waveforms are found to be 
higher than the observed ¢ E peaks (they agree with ¢ E peaks ob­
served on a much faster sampling oscilloscope, i.e., with Tr.os c = 
0.09 nanosecond). 

In another experiment, when a permanent-magnet field of about 
96' 103 amperes/meter was superimposed transversely to the ap­
plied circu~erential field, the decaying ¢E(t) tail disappeared and 
the initial ¢€(t) spike became narrower, as 
shown in Fig. 12-15. The demagnetizing 
field was roughly 56.103 amperes/meter; 
hence, the net field was about 40 '103 am-
peres/meter. A magnetic field of such mag­
nitude is high enough to annihilate most of 
the domain walls and to increase the net bias 
field appreciably. The disappearance of the 
decaying ¢€(t) tail confirms the hypothesis 
made in Fig. 12-11 that the wall-motion com­
ponent ¢ €w (t) is characterized by appre­
ciably slower switching than the rotational 
component ¢aW. The narrowing of the ¢€(t) 
spike (which may be identified with ;,.. (0) 'l'a 

agrees with Eqs. (11-37) and (12-34) in 
which 0 (the angular velocity of oscillation) 
becomes higher as H is increased. A fur­
ther increase in the transverse field caused 
¢ a(t) to become still narrower and lower in 
amplitude. The latter effect is explained by 
the decrease in eo (Eq. (12-34», which is 
caused by the increase in the total quiescent 

F 

1.0 At 

!--+1ns 

I fO.25V/t I I I 
;~ ~ {without} clamping T \' With magnet : 

-h ~oirl I I I I J 

Fig. 12·15. Superposition of 
experimental waveforms of 
¢€(t) of a thin ferrite core 
(Table 12·1) without a mag· 
net, ¢€ (t) with a magnet, and 
q, air(t), in response to a step 
F(t) of T, = 0.4 ns and 
amplitude F D = 4.0 At (Nitzan 
and Hesterman, 1967). 

field while leaving Hap unchanged. 
The results of Figs. 12-14 

¢€r(t) + ¢€w(t) (Eq. (12-29», and 
and 12-15 verify that ¢€(t) = 

that the initial ¢€(t) spike is 
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primarily (P ,) t) and the decaying (P E <t) tail is primarily (PEW <t) • 

This conclusion agrees also with the fact that switching by rota­
tion of magnetization (where spins rotate in unison) is inherently 
faster than switching by domain-wall motion (where spins rotate 
sequentially). Further support for this conclusion can be derived 
from the following: The (PEr component is underdamped since, 

following Eq. (12-38), 'r = ~8r"'r-t = 0.495 < 1, and from Eq. (12-41), 

0/(217) = ("'r-1 - i8r2 "'r-2) t /(217) = 487 Mc/s. For switching elastically 

further toward saturation, the (PEW component is overdamped since 

W = i 8w"'w -t = 1.414. These results are consistent with magnetic 

spectra (plots of the real and the imaginary components of the 
complex permeability Il = Il' - ill" versus frequency) of polycrys­
talline ferrites, which exhibit resonance in the microwave region 
but mayor may not exhibit resonance in the radio-frequency re­
gion (see Rado etal. (1950); SmitandWijn (1959); Rado et ale (1956); 
Harrison et al. (1958». The resonance in the microwave region is 
due to rotation of magnetization. The sources of resonance in the 
radio-frequency region are not completely understood, and may 
depend on the material composition. Rado (1950; 1956) showed that 
the radio-frequency dispersion (the plot of (Il' - 1) versus frequency) 
and the static initial permeability of magnesium ferrites are due 
to domain-wall displacements. A similar conclusion was drawn by 
Harrison et ale (1958) for manganese ferrites. 

On the basis of these switching experiments, we may determine 
approximate values for the viscous damping a and the anisotropy 
constant K1• Following Eqs. (12-42) and (12-43) 

8r 
(12-71) a 

V4"'r - 8/ 

and 

H 
2 (12-72) 

y,J4"'r - 8/ 

Substituting 8r = 0.28 nanosecond and "'r = 0.08 nanosecond2, we 
find that a = 0.57 and, since Hi » Hap and y == 2.21.105 meters/am­
pere-second, that Hi"" 18.5 • 103 amperes /meter. From Eq. (11-2 7b), 
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the anisotropy constant Kl of materials whose easy axes are body 
diagonals, such as ferrites, is given by 

(12-73) 

For this magnesium-manganese-zinc ferrite core, 110 M = 0.262 
2 s 3 

weber/meter, and if Hdm « Hk , then Hk '" Hi and so Kl '" -3.6·10 
joules/meter3• This value lies between values of Kl for magnesium 
and manganese polycrystalline ferrites obtained by Rado et al. 
(1956) and Harrison et al. (1958), respectively. 

12-5 Inelastic ¢ (t) Models 

Introduction. In most applications of square-loop magnetic 
cores, it is the inelastic flux switching that plays the most im­
portant role. Unfortunately, the physical mechanisms involved in 
inelastic flux switching are much more complex than those in 
elastic flux switching. It is thus of no surprise that so many dif­
ferent models for inelastic switching of magnetization have been 
proposed in the past. Most of these models may be described 
generally by the differential equation 

(12-74) 

where Ho is the dynamic threshold field (to be discussed later), 
Hap (t) is the magnitude of the applied field, M is the magnetization 
component along Hap' and f(M) is some function of the instantaneous 
value of M. Let us first review some of these models. 

One may distinguish between physical models, which are de­
rived from physical reasoning, and semiempirical models, for 
which f(M) and Ho are determined experimentally. Aphysical model 
is often derived primarily in order to verify a theory of flux­
switching mechanism, whereas a semiempirical model is obtained 
for application in magnetic circuit analysis when the physical 
models are either too complex or inadequate. 

Among the physical models, we may distinguish between models 
that are based on domain-wall motion (Menyuk and Goodenough 
(1955); Conger and Essig (1957); Haynes (1958): Lindsey (1959): 
Knowles (1960): Hilberg (1964» and models that are based on rota­
tion of magnetization (Coleman (1957): Gyorgy (1963». There is 
little doubt that flux switching occurs mainly by domain-wall motion 
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at low fields and mainly by coherent rotation of magnetization at high 
fields (see Gyorgy (1963». Itwasproposedby Gyorgy (1958) that at 
intermediate fields, flux switching occurs by incoherent rotation 
in such a way that, except near the core surface, the demagnetiz­
ing fields effectively cancel due to formation of closely spaced 
surface poles of alternate polarity. 

For the SWitching models based on domain-wall motion, vari­
ous probability-distribution functions of occurrence of nucleation 
centers have been assumed. Different domain configurations dur­
ing switching were postulated, such as expanding and colliding 
ellipsoidal (Haynes (1958)) or cylindrical (Lindsey (1959)) domains, 
and domains with constant wall area (Knowles (1960». Although 
these physical models shed light on the mechanism of flux switch­
ing, their parameters have to be measured rather than caJculated 
from more basic properties. This results from the difficulty in 
describing the details of the magnetic properties of materials, 
which are highly sensitive to inhomogeneities, such as impurities, 
strains, voids, and lattice imperfections. 

The semiempirical models may be classified according to 
the form of f(M), Ho' and the effect of core thickness. Let us ex­
amine each of these features separately. 

According to several semiempirical models, such as the ones 
proposed by Chen and Papoulis (1958), Betts and Bishop (1961), 
Gilli and Meo (1963), and Ching and Stram (1963), f{M) or its 
equivalent is determined point by point from experimental data. 
Neeteson (1964) and Tancrell and McMahon (1960) assumed that 
f(M) is semicircular, i.e., proportional to [1 - (M/M s)2]!; hence, 
Eq. (12-74) results in a half-sinusoidal MW for a step Hap W. 
A parabolic f(M) that is proportional to [1 - (M/Ms)2] was assumed 
in the semiempirical model applied by Cushman and Park (1960). 
This f(M) function was modified by Holtwijk (1964) to the form 
{I - [(M + I'lM)/(Ms + I'lM)]2} where I'lM ~ 0.05 Ms' If f(M) in Eq. (12-74) 
is parabolic, then a step Hap (t) results in M which is a sech2 func­
tion of time. Hesterman (1961) made a comparison between ex­
perimental ¢ (t) of a common soft-ferrite material and ¢ W com­
puted from the various mOdels that can be expressed analytically 
(including the physical models), and concluded that the best agree­
ment (although not by far) is generally obtained if f(M) is para­
bolic, and that the agreement for the semicircular f(M) is relatively 
poor. (However, a few soft ferrite materials do not exhibit a 
parabolic f(M) behavior. See, for example, Nitzan and Hesterman 
(1964).) It is interesting that f(M) is also parabolic in the physical 
models derived by Coleman (1957) al"d Gyorgy (1958) on the basis 
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of rotation of magnetization. The good agreement between experi­
mental M W and the calculated M W based on a parabolic (M) offers 
some support for the rotational models. However, a similar good 
agreement is obtained in the region of low Hap' where the switching 
process occurs by domain-wall motion. 

o o 

Fig. 12·16. Inverse switching time and peak inelastic M vs. applied H field. 

Typical plots of two types of measured data from step-Hap 
switching experiments are shown in Fig. 12-16: l/Ts versus Hap' 
where T s is the time of switching essentially from -Mr to Mr , and 
Mp versus Hap' where Mp is the peak value of the inelastic MW, (To 
be exact, T s is commonly defined as the time between the points at 
which M = 0.1 M p') Both the l/T s versus Hap and M p versus Hap plots are 
usually characterized by linear portions whose slopes are l/Sw and 
(p' respectively, where Sw is called the switching coefficient, Most 
models assume a constant dynamic H threshold, regardless of Hap' 
whose value Ho may be determined in Fig. 12-16 by extrapolating to 
the Hap axis the linear portion of either l/Ts versus Hap or tV/p versus 
Hap' The extrapolated values of Ho obtained from the two sets of 
data are not necessarily the same, although they are likely to be 
close to each other. By assuming a constant Ho' the nonlinear re­
gion of either l/Ts versus Hap or Mp versus Hap is ignored. The 
error introduced by this assumption may be quite significant be­
cause many magnetic circuits operate in this nonlinear region, 
which, for some materials, may extend to Hap values three to ten 
times the coercive force. (Conger and Essig (1957) proposed that 
the threshold field for domain-wall motion in thin films is dis­
tributed randomly over the range between the coercive force and 
the anisotropy field, As a result, the number of walls, in addition 
to the wall velocity, increases with Hap' thus causing the nonlinear­
ityof l/T s versus Hap') 
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So far we have discussed flux switching in terms of M and Hap 

rather than ¢ and F. This is justified in the case of a thin toroid 
for which F = Hap I and ¢ = fLo MA. For a thick core, M«) varies 
with the radius r, and ¢ «) should be determined by integration of 
fLo M (r, t) hdr from r = r i to r = r o. For the models referred to so far, 
such an integration cannot be done analytically in a closed form, 
but can be approximated by Taylor series or performed numeri­
cally. The latter method was used by Tancrell and McMahon 
(1960), Hesterman (1961), and Ching and Stram (1963). 

On the basis of experimental observation to be described next, 
we shall propose semiempirical models for the components of in­
elastic flux switching. 

Observed Flux Switching. Typical results from a flux-switching 
experiment using a thin toroidal core (Fig. 12-4) were shown in 
Fig. 12-5. Waveforms of the setting F pulse and the resulting ¢«), 
as well as the variation of ¢ versus F during the switching time, 
are redrawn in Fig. 12-17. The amplitude F is shown larger than 
the coercive mmf Fe' but not large enough to fully switch ¢ to 
positive saturation. 
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Fig. 12-17. Step-F flux switching. 

The rotational and wall-motion components of ¢E«)were analyzed 
in detail in Sec. 12 -4. We shall now show that ¢ i (t), the inelastic 
¢ (t), may also be analyzed in terms of two components: a decaying 
inelastic ¢(t) component, ¢id(t), due to minor wall displacements, 
and a bell-shaped main inelastic ¢ (t) component, ¢im (t), due to major 
wall displacements, which starts at t = to and reaches its peak value 
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¢p at t = tp' The main component is so termed because the cor­
responding flux change I!..¢im = 1000 ¢imdt is much larger than I!..¢id = 

1000 ¢iddt due to ¢id(t)-except for F values near Fdmin • 

Suppose now that the above flux-switching experiment is re­
peated with one modification: the step-F setting pulse is inter­
rupted in the beginning of switching. This results in two F pulses 
of the same amplitude. A waveform of F (t) with amplitude of 
1. 3 Fe and a typical waveform of the resulting ¢ (t) for the thin 
ferrite core of Table 12-1 are shown in Fig. 12-18. Fast-switching 
elastic ¢ (t) spikes are shown during the rise and fall of the first F 
pulse and during the rise of the second F pulse. But most im­
portant. note that during the first F pulse and in the beginning of 
the second F pulse, the overall inelastic component ¢i(t) is decay­
ing despite the rise of the main inelastic component ¢im (t) (Fig. 
12-17(a». The difference between ¢i(t) and ¢im (t) is the decaying 
inelastic component ¢id(t). This component may be attributed to 
inelastic domain-wall motions. It is inelastic because there is a 
net flux change due to the first F pulse, which cannot be accounted 
for by the small contribution of the 1>im component only. It is due 
to domain-wall motions for the following two reasons: First, the 
relaxation time of ¢id(t) is much longer than typical relaxation time 
for rotation of magnetization, which in this case is on the order of 
5 nanoseconds (cf. Fig. 12-14). Second, ¢i(t) that follows the posi­
tive ¢,,(t) spike of the second F pulse continues to decay smoothly 
from the same value at the end of the first F pulse; this is charac­
teristic only of domain-wall motion. 

o t~ 

o 1 2 3 4 5 6 7 8 9 10 

t. JL sec 

fig. 12-18. Waveforms of interrupted F(t) and 
¢ (t),of a thin toroidal ferrite core (Table 12-1) 

Components of Inelastic 1> (t). The large difference in shape be­
tween the waveforms of ¢id(t) and ¢im (t) implies that different 
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mechanisms are involved in generating these inelastic ¢ (t) com­
ponents. The nature of these mechanisms is postulated as follows. 

For simplicity, suppose that the core is thin enough to assume 
uniform M and Hap across it; hence, F = lH ap and ¢ = /Lo AM. Refer­
ring to Fig. 11-18, we have seen that the n inelastic wall displace­
ments due to a step Hap (t) are divided into np minor displacements 
of essentially constant areas and n (1 - p) major displacements of 
varying areas, where p '<: 1. We now postulate that the minor wall 
displacements generate the ¢id(t) component, whereas the ¢im (t) 

component is generated by the major wall displacements. The 
waveform of each of these inelastic ¢ (t) components depends on 
the average velocity, the expected number, the average area, and 
the travel time of the corresponding walls. The first two factors 
affect ¢id(t) and ¢im (t) in a similar fashion, whereas the third and 
fourth factors affect each ¢ component differently. On the basis of 
these features, we shall next propose a model for each of these 
components. 

A Model for Decaying Minor ;Pi (t). As a first approximation, 
assume that the average velocity of walls moving inelastically is 
proportional to the excess of the applied H over an average 
threshold H th• Denoting Hth corresponding to minor wall displace­
ments by. Hid' then ¢id is proportional to (Hap - Hid)' The magni­
tude of ¢id also increases with the number np of the walls ex­
periencing minor displacements. We have seen that n increases 
with Hap and that p is essentially unity in the region 0 < H ap ~ H d m~n, 

but that p decreases gradually as Hap increases beyond H d mm. 

Consequently, the product np increa.ses with Hap until it reaches a 
peak, and then decreases. For the ¢id(t) model proposed here, we 
shall assume that H is below the value at which np reaches its ap 
peak, i.e., that np increases with Hap' It has been found exreri-
mentally that, to a good approximation, the magnitude of ¢id is 
propor~ional to (Hap - H id)Vid, where v id > 1 (for example, v id ~ 1.5). 
Since ¢ id is proportional to (Hap - Hid) on the basis of wall velocity 
alone, the increase of np with Hap may account for the extra factor 
(H _ H. t id - 1 

ap ,d' . 
Under the assumption that ¢ id (t) is generated by minor wall 

displacements, the corresponding average wall area is unlikely 
to change significantly during the switching time; hence, ¢ id (t) 

should be essentially rectangular if these displacements were 
identical. However, since the length of the minor wall displace­
ment is a random variable and since the wall velocities are not 
necessarily the same, the termination times of these displacements 
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will vary randomly among the walls. When a step Hap is applied, 
all np walls begin moving and generate ¢id; as one wall after 
another terminates its motion, ¢id(t) decays in an exponential-like 
manner. The time constant Tid associated with the ¢ id (t) decay is 
assumed to be inversely proportional to the average wall velocity; 
hence, Tid = Sii(Hap - Hid>' where Sid is a parameter. Thus, ¢id(t) 

generated by a step Hap is proportional to 

t t(H - H 'd~ (H H )Vid ap z 
ap -id exp-

Sid 

Suppose now that Ha W increases from zero to above Hid. Let-
p • 

ting Tid be the time when Hap reaches Hid (¢ id = 0 during 0 S. t S. Tid) 

and replacing Hap by F Il, then during t .2: Tid 

(12-75) 

where Aid is a constantofproportionaUty, Fid = Hid l , and Cid = Sidl. 

To a good approximation, Eq. (12-75) is applicable regardless 
of the rise time Tr and the shape of FW. Examples of constant-F 
drives with relatively short and long rise times are sketched in 
Fig. 12-19. As F increases with time, the term (F - F i/id tends 
to increase ¢id' while the exponential terms tends to decrease ¢idl 

as a result, ¢idW increases during Tid S. t S. Tr from zero to a peak 

FD~------r-----~--------~--~--~----

'" '" 

Case(t),Tr~Tr* --­

Case (2). Tr ~ T; --

T idplll Tr(1) t-

Fig. 12·19. Sketched waveforms of ¢id(t) for two F(t) drives of the same 
amplitude F D', and different rise time T 7' 
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value ¢idp at t = T idp ' and then decreases. If the slope of F(t) is 
low enough, then T idp < Tr; ,otherwise, T idp = Tr • The shorter 
the rise time, the higher ¢idp; in the limit, as Tr -> 0, ¢idp -> 

v~ h ' Aid(F - F id) , , w ereas as Tr -> "", ¢idp -> O. 
In each of the examples in Fig. 12-19, FW rises linearly from 

zero to a constant value F D' The T r value that just coincides with 
the peaking time (when ¢id(t) = 0) can be shown to be 

GidVid F D 
T* =-----r 

2(F D :- Fid)2 

(12-76) 

Two cases are considered: if Tr .? T; (Case (1», then T idp ~ Tr and 

(12-77) 

(where e = 2.718 ••. ), but if Tr ~ T; (Case (2», then T idp = Tr and 
¢idp(2) is obtained by substituting t = Tr andF = FDinto Eq. (12-75). 

Although the values of Fid and G id have been assumed to be con­
stant, there are actually functional dependences of F id on F and G id 

on T r' Recalling that Hid = Hth , we see from the probability­
density function {(Hth) in Fig. 11-18 that as the magnitude Hap 
of a step Hap (t) increases from zero, Hid also increases from zero 
to an asymptotic value, denoted by Hidmax, which is in the neigh­
borhood of H d min. Letting F id max = Hid max I, a function that satisfies 
this condition as well as the condition Hid ~ Hap is, for example, 

F'd = F'dmax tanh (~~ 
Z Z F max 

id 

(12-78) 

Let us next examine the effect of Tr on Gid • If a constant-F 
drive is left for a long enough time (theoretically, infinite time), 
then the flux change /l,.cPid(oo) = fooo ¢iddt increases with F D but is in­
dependent of Tr • In order to obtain the dependence of /I,.¢id(oo) on 
F D' we substitute Eq. (12-78) into Eq. (12-75) and let Tid = T r = 0, 
that is, assume that FW = F D is a step function. We then find that 

(12-79) 
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Now, if Tr is considerably smaller than Tid' then /').¢id(ro) '" ¢idpTid' 

and since Tid '" G id/(F D - F id)' we obtain 

FD - Fid 
Gid '" /').¢id(ro) --.--

¢idp 

(12-80) 

Hence, for a given F D value, ¢idp G id '" constant, and since ¢idp 

increases as T r decreases, G id must decrease as T r decreases. 
According to Eq. (12-80), Gid depends also on F D' However, the 
increase of ¢idp with F D is such that ¢id/(F D - F id) may be ap­
proximated by a constant for large F D values. This is evident 
from the illustrative plots in Fig. 12-20 of computed ¢idp versus F D 

for different Tr values, using the thin ferrite core of Table 12-1. 

20 

15 "'°0'7 flsec 

-- 0/ > 
E 10 
0-
-0 

p""o.",,, ...... 
5 

2.5 

Fig. 12-20. Computed ¢.dP vs. F D with T, as a parameter for a 
thin ferrite core (Table 12-1). (Nitzan, 1966.) 

(The ¢id(t) component is significant in connection with the 
signal-to-noise ratio of a coincident-current memory. Consider 
two essentially identical cores, one in an undisturbed one state 
(¢ '" ¢r) and the other in an undisturbed zero state (¢ '" -¢r). The 
difference between the ¢ outputs of the two undisturbed cores, 
generated by a partial-read pulse of amplitude near F dmin , is the 
so-called maximum delta noise. Since the difference in ¢/t> between 
the two cores is considerably smaller than ¢id(t) of the core driven 
away from saturation, this delta noise is essentially ¢ id (t). Applica­
tion of a post-write disturb pulse before the partial-read pulse 



324 DIGITAL MAGNETIC LOGIC 

decreases the delta noise appreciably by causing minor inelastic 
wall displacements to new stable positions, e.g., from Point R to 
Point W in Fig. 11-16(a). The longer the duration of this pulse, 
the larger the number of completed minor inelastic wall displace­
ments, and thus the smaller the following delta noise. Further­
more f previous partial-read and partial-write pulses also affect 
the delta noise by causing minor inelastic wall displacements in 
opposite directions. Since ¢id<t) is due primarily to domain-wall 
motion, one could possibly describe delta noise by incorporating 
the switching history into Eq. (12-75).) 

A Model jor Main ¢i(t). Referring to Fig. 11-18, the average 
threshold Hth corresponding to major inelastic wall displacements 
increases from a -yalue of H dmin to an asymptotic value as Hap in­
creases above Hdmm• The corresponding number of walls , n(1- p)" 

increases with Hap because n increa~es and p decreases as Hap 

increases. Thus, as in the case of ¢id(t), the major component 
¢im(t) is proportional to (Hap - Hth)", where v? 1. However, unlike 
¢id(t), ¢im (t) is affected appreciably by a change in the average do­
main-wall area versus time. According to Menyuk and Goodenough 
(1955), the domain-wall area increases in the early portion of 
switching, reaches a peak in the middle of switching (while do­
mains collide with each other), and decreases with time toward 
the end of switching. The probability-density function of the 
domain SWitching time is more complex than in the case of ¢id(t) 

because it depends on domain collisions. Haynes (1958) extended 
Goodenough's work by calculating a model for ¢i(t) based on the 
assumption that nucleation centers (from where major wall dis­
placements begin) are distributed randomly according to Poisson's 
distribution function. Independently, Lindsey (1959) caloulated a 
model similar to that of Haynes, except that he assumed the do­
mains to be cylindrical. Models of this type were treated in a 
general way by Hilberg (1964). Eaoh of these models for ¢i(t) 

yields a reasonably satisfaotory agreement with experimental 
data. However, a parabolio ¢im(¢) model is preferred here 
simply beoause it offers better agreement with experimental 
data for many square-loop materials. Acoording to this model, 
¢im is proportional to a parabolic funotion of ¢, and reaohes a 
peak in the middle of switching. Qualitatively, therefore, the para­
bolio model has the physioal features hypothesized by Menyuk and 
Goodenough (1955). 

Consider again the flux-switching experiment using a thin 
toroidal oore (Figs. 12-4 and 12-5). Typioal ¢ (¢) osoi11ograms 
for step-F switching of the thin ferrite core of Table 12-1 are 
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shown in Fig. 12-21 for amplitude values of 1.2 and 1.8 ampere 
turns. After approximately 15 percent of the total amount of 
switching is completed, ¢E'" 0 and ¢id« ¢im; thus, ¢(¢) '" ¢im(¢). 

In each case, the ¢im (¢) curve is extrapolated by a dashed line to 
the ¢ axis. The resulting overall ¢im (¢) curve is found to be very 
close to a parabola that intersects the ¢ axis at -¢r and at ¢d(F), 
where ¢d(F) (the static ¢(F) curve; see Fig. 12-17(b» may be cal­
culated using the model in Eqs. (12-24). Similar parabolic ¢im (¢) 

oscillograms are typically observed for all values of F, except for 
very low F values, for ~xample, F ~ F c. Consequently, if F is 
larger, say, than Fc' then ¢im may be described by the differential 
equation 

(12-81) 

where ¢p (F) is the peak value of ¢im (see Fig. 12-17(a» for a given 
value of F. 

/ ....... 1\. / i\. 
H / \ ~ t J \ 

\V \ f1 \ 
1 \ \ 

.I '" 
-'I>r '1>+ 'l>d (F) -'I>r '1>+ 'l>d(F) 

(a) (b) 

Fig.12-21. ¢ (4)) oscillograms for step-F' switching of a thin ferrite core (Table 12-1). 
4> scale = 1.04 Mx/major div. (a) F' = 1.2 At; ¢ scale = 3.3 mV/t/major div. (b) F' = 1.8 
At; if, scale = 13.8 mV/t/major div. (Nitzan, 1966.) 

Experimental ¢p (F) data may be curve-fitted by several differ­
ent functions, such as the ones shown in Fig. 12-22, where the 
curve is broken into four regions, i.e., 

0 for o < F < F min - - d (12-82a) 
, 

A'(F - F dmin)'/ for F min < F < F' (12-82b) 
¢p(F) 

d - - B 

A<F - F~t for ' < F < (12-82c) FB - - FB 

pp(F-Fo) for FB ~ F (12-82d) 
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pp( F -Fa) 

~pl 

'(F-F~')v 

\11 
,'(F_F min ( 'I I 

d I _II 
tan Pp 

0 
0 Fmin F" F' F: d 0 s 0 Fs F-

Fig. 12-22. Functions for ¢ p (F) curve fitting. 

where F d min is the static F threshold, F~ and F 0 are extrapolated 
values of dynamic threshold, F~ and F B are the F values at the 
boundaries between the ¢p (F) regions, A' and A are proportionality 
constants and v' and v are exponents for the nonl~near ¢p (F) re­
gions, and Pp is the slope of the linear region of ¢p (F). For con­
tinuity, the expressions for ¢p (F) and d¢p (F)/dF of neighboring 
regions must be equal at the borders F = F~ and F = F B' Con­
tinuity at F = F~ imposes the relations 

v' 

and 

F' F min 
B - d 

v-----
F ' F" B - 0 

(v/v')V 
11.-------

(F' _ F min('-V 
B d 

and continuity at F = F B imposes the relations 

v 

and 

(12-83) 

(12-84) 

(12-85) 

(12-86) 
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These relations impose four constraints on the nine parameters in 
Eqs. (12-82). Hence, the values of only five parameters are 
needed to completely specify ¢p versus F • 

A computer program was developed for determination of the 
¢ p (F) parameters by least-me an-square curve fitting of Eqs. (12-82) 
to measured ¢p (F) data. The resulting curve fitting is illustrated 
in Fig. 12-23(a) for a commercial ferrite core at different tem­
peratures. Since the resolution with a linear scale is poor at low 
F values, the results are redrawn in Fig. 12-23(b), using a semilog 
scale. 

The semiempirical model ¢im(F,¢) (Eqs. (12-81) and (12-82» 
is summarized graphically in Fig. 12-24. SWitching characteristics 
for three F values (F l' F 2' and F 3) are traced in the figure. For a 
given F value, the ¢d value is determined from Eqs. (12-24), and 
the ¢p value is determined from Eqs. (12-82). Knowing the value 
of ¢r' we can then plot the parabolic function ¢im versus ¢ of 
Eq. (12-81). 

------ ~P3 

: I 
I I 

I'-------~_+::___-~ -t--+--
F, I I 

I'-------------+----~+ 
F2 I 

I 
I 

Fig. 12-24. Graphical relations among<Pd(F), ¢p(F) and¢im (F, <P). 
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The excess mmf in the region F' d min .:s F' .:s F'~ is so low that the 
variations in threshold during the switching time become signifi­
cant. The assumption in Eq. (12-82b) that the mmf threshold in 
this region is constant may thus result in an appreciable error. It 
is more exact to replace F'dmin by the F' value on the static ¢(F') 
curve corresponding to ¢. If this modification is applied, then 
¢im (¢) is no longer parabolic and ¢ (() peaks at a value of ¢p (see 
Fig. 12-17) lower than the midpoint between -¢r and ¢d ' which 
agrees with observed behavior of certain ferrite cores. 

Fortunately, the model for ¢im (t) {Eqs. (12-81) and (12-82», is 
reasonably applicable even if the core is not thin (e.g., a toroid 
with r o/r i = 1. 6) and also for monotonic F' (t) functions other than a 
step function, though with some modification of the parameter 
values. The way to apply the model is to divide the switching time 
into small time intervals, at each of which ¢d<F') and ¢p (F') are 
computed from Eqs. (12-24) and (12-82); these values are then 
used to compute ¢im from Eq. (12-81). For a variable F'(t) function, 
the values of the switching parameters A, F'~, and other parameters 
of the same nature in Eqs. (12-82) are somewhat different from 
those for a step F' W. They are generally lower if F' (t) is mono­
tonically increasing, and they are generally higher if F' W is mono­
tonically decreasing. For example, as we shall see later in con­
nection with Fig. 12-29, a good agreement with experimental data 
was obtained for a ramp function F' (t) = kt over a wide range of k 

(for example, 100:1) using fixed values of A and F'; that are 
lower than step-F' parameters by about 25 to 30 percent. 

Since the model for ¢im(t) is not restricted to step-F'(t) func­
tions only, it may be used in computation of flux SWitching in 
square-loop core circuits in general. Such an application is dis­
cussed in Sec. 12-6. 

Dependence of Main ¢i (t) on Other ¢ (t) Components. On the 
basis of the models for ¢aW, ¢EWW, and ¢id(t) (Eqs. (12-49), 
(12-59), and (12-75», these ¢W components are independent of each 
other. In contrast, the solution for ¢im W is dependent on the other 
¢ (() components because the required value of the flux ¢ in Eq. 
(12-81) is 

(12-87) 

where 

(12-88) 
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In the absence of these other components, the solution of Eq. (12-81) 
as it stands is absurd because, with nothing to change ¢<t> from its 
initial zero value, the core (or leg) would never start switching. 
Even if ¢E(t) were included, the resulting switching time could be 
unrealistically long because, without ¢id' the values of ¢im in the 
beginning of switching would be too low. 

The relative magnitude of each of the ¢ (t) components in the 
beginning of switching is illustrated in Fig. 12-25 for the thin 
ferrite core of Table 12-1, which was driven by an mmf pulse of 
amplitude F D = 2.22 Fe. The area under each waveform is the 
contribution of the corresponding ¢ (t) component to the increase of 
the total cp. It is evident from this example that the presence of the 
¢id(t) component is very important for the correct solution of 
¢im (t), and hence of ¢iW. The computed total ¢W was found to be 
very close to the experimental ¢ (t) waveform (Nitzan (1966». 
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Fig. 12-25. Computed ¢E' ¢id, ¢im' and if, vs. t during the beginning of 
switching ofa thin ferrite core (Table 12-1). (Nitzan, 1966.) 

Approximate Models for ¢i (t). For switching from cP = -CPr with 
F larger, say, than 2Fc' an approximate solution for [¢id(t) + ¢im(t>] 
may be calculated from Eq. (12-81) if CPr is replaced by cps. By 
making such a simple modification, the total inelastic ¢ W may be 
calculated from the approximation 
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(12-89) 

where ¢p (F) is the same as expressed in Eqs. (12 -82). With this 
model, the initial value of¢i isnotzero, and the switching proceeds 
even in the absence of the ¢EW components. Neglecting ¢EW, the 
¢i(t) waveform calculated from Eq. (12-89) closely resembles the 
waveform ¢i(t) = ¢idW + ¢im <t) calculated from Eqs. (12-75) and 
(12-81), as illustrated in Fig. 12-26 for a step F(t). 

Fig. 12·26. Resemblance between J, i( t) waveforms derived from different models for inelastic J, (t). 

The limitation of the model in Eq. (12-89) should be emphasized. 
For low F values (for example, F ;S F~ ), the contribution of ¢id(t) 
is not accounted for adequately by replacing ¢r by ¢s. In fact, for 
F ::; F dmin , Eq. (12-89) predicts ¢i = 0, since ¢p = 0 from Eq. 
(12-82a), whereas in reality, ¢i = ¢id > O. 

In many applications, F is suffiCiently high to make Eq. (12-89), 
in conjunction with ¢p (F) of Eq. (12-82), actually very useful. As 
with Eq. (12-81), Eq. (12-89) may be applied to compute ¢i<t) for 
an arbitrary monotonic F <t) function by computing the values of 
¢d(F) and ¢p (F) at each time interval. If F (t) is a step function and 
the contribution of ¢ E(t) to ¢ (t) is ignored, then the solution of 
Eq. (12-89), obtained by separation of variables,is 

¢s + ¢d(F) 
---- tanh 

2 

(12-90) 
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Differentiating Eq. (12-90) with respect to time, we obtain 

(12-91) 

Differentiating again and setting ¢i(t) equal to zero, we obtain an 
expression for the time at which ¢i reaches its peak value (see 
Fig. 12-17), that is 

(12-92) 

A further simplification in the model of ¢ i may be achieved if 
F is high enough to replace ¢ d (F) by ¢ s' for example, if F > F 3 in 
Fig. 12-24. Under this condition, Eq. (12-89) reduces to 

(12-93) 

We shall show later that under certain simplifying assump­
tions, Eq. (12-93) may be applied to manual computation of in­
elastic flux switching. In general, however, utilization of the 
flux-switching models presented in this chapter requires the use 
of a digital computer. In the following section we discuss the 
methods of computation involved in employing these models in 
computer analyses and compare some computed results with 
experimental data. 

12-6 Computation of Flux Switching in 
Magnetic-Core Circuits 

We now wish to apply the switching models to computation of 
flux switching in magnetic-core circuits. Both the complexity and 
the repetitious application of the switching models dictate numeri­
cal computation by digital computer. Simple numerical methods 
that are suitable for this purpose will be illustrated by applying 
these methods to computation of flux switching of an unloaded core 
and a core loaded by different combinations of R, L, C, and a diode. 
We shall also derive from the main inelastic parabolic ¢ (¢) model 
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an approximate relation which is amenable to manual computation 
of flux switching. 

Unloaded Core. Consider an unloaded core whose flux is 
switched from -¢r toward positive saturation by an applied mmf 
F (t). The objective is to compute ¢ (t) and ¢ (t) and compare the 
results with experimental data. 

Let us temporarily make two simplifying assumptions: 

1. F is high enough to justify the use of Eq. (12-89) in com­
putation of ¢ i (F, ¢). 

2. The elastic ¢ (t) component is negligible. 

On the basis of these assumptions, ¢ ~ ¢i and, since F is a function 
of time, ¢ is described by a first-order nonlinear differential equa­
tion of the form 

¢ = ¢(t, ¢) (12-94) 

where t is an independent variable and ¢ is a dependent variable. 
We divide time t into small /',.t intervals and solve Eq. (12-94) 
numerically. There are several known methods of numerical 
solutions of differential equations (see, for example, Milne (1950); 
Scarborough (1950». For this problem, the following simple 
predictor-corrector method is adequate. 

For generality, let us replace ¢ by Y and look for the solution 
of the first-order differential equation y = y(t,y). Designating each 
variable by a subscript representing the time-interval index, con­
sider the nth interval (t = tn) and suppose that the values of 
Yn-2' Yn-2' Yn-l' and Yn-l have already been determined. We now 
wish to compute Yn and Yn• As a first step, an approximate value of 
'Y n is predicted using the relation 

(12-95) 

We now compute Yn = y(tn'Yn) and correct Yn using the relation 

Yn+Yn-l 
Yn = Yn-l + /',.( ----

2 
(12-96) 

which is closer to the correct Yn value than the relation in Eq. 
(12-95). The last two steps (in which Yn and Yn are computed) are 
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repeated until convergence is achieved, i.e., the change in Yn (or 
Y n) is negligible. This predictor-corrector process is repeated 
for succeeding LWS until the end of switching, which we define as 
the time T s when ¢ <t) approaches ¢ d to within a small interval (for 
example, 0.001 ¢r) and hence, ¢ "" O. 

The smaller the value of /).t, the more accurate the results; 
however, the cost of computation may be higher. One way to de­
termine /).t is to repeat a typical portion of the computation, using 
decreasing values of /).t, until the changes in the results are 
negligible. For some cases it is found that /).t should be below 
two percent of Ts. If M is chosen well below this empirical value, 
for example, /).t = T /200, then only a rough estimate of T s is needed 
in order to determine M. An alternative and more efficient way is 
to adjust /).t automatically in accordance with the number of itera­
tions at the previous /).t. 

Assuming that T s is the switching time corresponding to 
/).¢ = 2¢r "" 1.8¢s' an adequate estimate for Ts may be obtained by 
substituting Eq. (12-93) into the relation l~d¢ = Jo's¢idt, from 
which we find that ' 

£ Ts ¢ (F)dt '" r¢' d¢ '" 3.25¢r (12-97) 
o p }-¢, 1 - (¢l¢s)2 

where ¢p (F) is given in Eqs. (12-82). For a step FW, ¢p (F) is not a 
function of time, and hence Eq. (12-97) yields 

3.25¢r 

¢p (F) 
(12-98) 

For a ramp function F = kt, evaluation of the integral in Eq. (12-97) 
is more complex because switching may occur while F increases 
from F d min through the three regions of ¢p (F), Eqs. (12-82). 
However, since T s need not be determined accurately, we shall 
consider only the middle ¢p (F) region. We thus assume that 
switching starts at to = F~/k, and by substituting ¢p (F) = ,.\ (kt _ F~)v = 

AF<t - to)v into Eq. (12-97), the approximate sWitching time is 
found to be 

1 

T s,ramp [
3.25(V + l)¢r]V+l 

Akv (12-99) 

Note that switching terminates at t = to + T S ,ramp' 
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Now that we have outlined the steps of computation of inelastic 
flux switching, let us remove Assumption (2) and include the 
elastic ¢ (t) component as well. First consider the case in which 
the rise of F(t) justifies the use of Eq. (12-63), that is 

(12-100) 

Since F and f may vary in time, this first-order differential equa­
tion will be solved numerically. Here, again, we may use the 
simple predictor-corrector method represented by Eqs. (12-95) 
and (12-96). 

If the rise time of F(t) is very short (of the order of 1 nano­
second), then ¢E(t) should be computed from Eqs. (12-49) and 
(12-59), each of which is of the form 

(12-101) 

In general, any differential equation of the nth order may be re­
duced to a set of n first-order differential equations by introduc­
ing (n - 1) dummy variables (see Milne (1950)). For the second­
order differential equation under discussion, we introduce the 
dummy variable v E such that 

(12-102) 

and Eq. (12-101) becomes 

(12-103) 
1) 

Equations (12-102) and (12-103) are a set of two first-order 
differential equations that may be solved for vE and ¢E at each nth 
f\..t interval by using Eqs. (12-95) and (12-96). First, vEn is pre­
dicted using Eq. (12-95) and then, since ¢En = vw ' the value of ¢En 
is predicted using Eq. (12-96). At each iteration cycle, vEn and vEn 

are computed from Eqs. (12-103) and (12-96) and ¢En and ¢w are 
computed from Eqs. (12-102) and (12-96). These iterations are 
repeated until convergence is achieved, and t is stepped up by f\..t. 

We finally remove Assumption (1), and compute ¢id(t) from 
Eqs. (12-75) and (12-78) and ¢im (t) from Eqs. (12-81) and (12-82). 

Computation of ¢(t) and ¢(t), on the basis of the selected 
switching models and the predictor-corrector method, is readily 
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performed on a digital computer. Since the same switching model 
may be applied in different computer programs, or several times 
within a given program, the steps of computation involved in this 
model are usually written as a separate "subroutine" or a "pro­
cedure" that is "called" within the main program. 

Experimental verification of the model for each of the ¢ (t) 
components requires that the other components be relatively 
small. Experimental and computed results are compared in 
Fig. 12-27 for positive switching from cP = -CPr of the thin ferrite 
core of Table 12-1, using step-F drives and time durations chosen 
such that ¢E(t) followed by ¢id(t) are the predominant components. 
A similar comparison is made in Fig. 12-28 using step-F drives 
and time durations such that ¢im (t) is predominant. Note the wide 
range of F, from 0.8 to 20.0 ampere-turns, in which the switching 
models yield a satisfactory agreement with experimental data. 

--.i_ HH--+---+----+-+-+-t---I 
2.5mV/t 1'-_ 

-r-
1-.l-0.51's 

(a) Tr =62ns; Fo=0.8At 

--'---
5mV/t .-

Iii 
it 
~ r--1--

~O.ll's 

(b)Tr=13ns; Fo=1.18 At 

ofwt.· t -

I-l- 5 ns 

(c) Tr =O.4ns; Fo= 1.5At 

Fig. 12-27. Experimental (dotted or solid line) and computed (dashed line) 1> (t) waveforms ofa thin 
ferrite core (Table 12-1) in the beginning of switching using different step-F(t) drives of 10-90% rise­
timeT r and amplitude F D which emphasize ¢E(t) and ¢id(tl. 
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Fig. 12-28. Experimental (dotted or solid line) and computed (dashed line) ¢ (t) waveforms of a thin 
ferrite core (Table 12-1) switched fully by different step-FIt) drives of 10-90% rise-time T rand 
amplitude F D. 

Experimental ¢<tl and computed ¢i(t) waveforms of switching 
caused by ramp FW, F = kt, are compared in Fig. 12-29 for thin 
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(a) Thin core (OD/ID = 1.06): k = 3.58 Ati/lsec; T = 29 ±0.5°C. Core 
parameters are given in Table 12-1. 
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(b) Thick core (OD/ID= 1.61): k = 0.8575 Atl/lsec; T = 30 ± 0.5°C. 
Core parameters: 'i = 1.143 mm; '0 = 1.84 mm; A = 1.244 mm2; cPr = 
31.0 Mx; cPs = 33.48 Mx; Ha = 250.0 At/m; Hq= 26.0 At/m; Hn = 22.5 
At/m; Fe = 0.28 At; Fa = 0.27 At; v = 1.43; A = 1.64nt-2. 43A- 0.43; 

Fo = 0.55 At; Pp = 2.27 UN; FB = 1.2 At. 

Fig. 12·29. Experimental and computed¢, (t) waveforms oframp·Fswitching (F = kt) 

of ferrite cores. Waveform A - Computed, using step·F values of A and pp. Wave­
form' B - Computed, using A and Pp values which are a fraction (75% in (a); 70% in (b» 
of step·F values and shifted to the left (by 0.04 f.Lsec in (a); by 0.15 f.Lsec in (b». 
(Nitzan, 1965.) 
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and thick ferrite cores. For either case, the computed peak value 
of ¢ is higher than the experimental value if step-F switching 
parameters are used (Waveforms A). However, very good agree­
ment is obtained for both cores (Waveforms B) if A. and Pp are 
lowered by 25 to 30 percent and time shifts of about 0.1 T S are 
introduced. These time shifts are significantly reduced by lower­
ing the values of F~ and Fo as well. 
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Loaded Core. The switching behavior of a core with re-
sistive, inductive, and capacitive loads is analyzed in Chap. 1, 
using a very crude switching model. We now wish to apply the more 
sophisticated switching models of this chapter to such cases. 

Fig. 12·30. Flux switching in a loaded core. 

In Fig. 12-30, a core is coupled by NL turns to resistance Rv 
inductance L, capacitance C , and a p-n junction diode, all in series. 
The core is switched by drive-mmf NDiD(t) from cP = -CPr toward 
positive saturation. We wish to compute the various time variables 
during the switching time, and compare ¢ (t) and the load current 
iL (t) with experimental waveforms. 

The net mmf acting on the core is 

(12-104) 

The resulting ¢ is a function of F and cP, but since F is a function 
of iD and i L , and since iD is a given function of time, ¢ is a function 
of t, iL , and cp, formally expressed as 

(12-105) 

(12-106) 

where V pn is the voltage across the diode. 
Ignoring the diffusion and junction capacitances of the diode 

(cf. Gray et al. (1964); Searle et ale (1964», we use the model 

(12-107) 

where R d is the forward resistance ofthe diode, I sd is its saturation 
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current, and 

0.86 . 10-4 Trnd (12-108) 

in which k is the Boltzmann constant (k = 1.381 • 10-23 joule/oK), q 

is the charge of an electron (q = 1.602 • 10-19 coulomb), T is the 
absolute temperature in oK, and rnd is a factor which varies be­
tween 1 and 2, depending on the junction type. 

Substituting Eq. (12-107) into Eq. (12-106) and letting R = 

RL + Rd ,we obtain 

:~JJ (12-109) 

where 

(12-110) 

Equations (12-105), (12-109), and (12-110) are a system of three 
simultaneous first-order differential equations in which t is an 
independent variable and ¢, iL , and q are the dependent variables. 
The solution of these time variables may be obtained numerically 
by using Eq. (12-95) and (12-96) or any other predictor-corrector 
method. 

If L = 0, then diL/dt cannot be expressed explicitly as in 
Eq. (12-109). Instead, the loop equation becomes implicit, i.e., 
transcendental, in iL 

Regardless of whether a diode is present or not, the loop equation 
is transcendental in iL because 1> (Eq. (12-105» is a function of iu 
Thus, at each iteration, while using the predictor-corrector equa­
tions for evaluating ¢ and q, Eq. (12-111) is solved transcendentally 
for the root of iu If we use the Newton-Raphson iterative method 
(see Henrici (1963», then iL at the jth iteration is corrected 
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f<iL,j_l) 
iL,j-l -

(<iL,j-l) 
(12-112) 

where ('(iL) = df<iL)/diL' Differentiating Eq. (12-111) with respect 
to i L' we obtain 

r<iL ) ..!.. ~ + R + 8md + NL 2 a¢ (12-113) 
C diL/dt iL + Isd aF 

where a¢/aF is obtained by differentiating the ¢ (F, ¢) model 
(Eqs. (12-66), (12-89), (12-82), and (12-24» with respect to F. 
The Newton-Raphson method (Eq. (12-112» is powerful because 
it is characterized by quadratic convergence, i.e., the relative 
error at the jth iteration is the square of the one at the (j - l)th 
iteration. However, there is the danger that a low IrUL,j_l)lmay 
result in a divergence from the correct solution. Also, the cor­
rection at the jth iteration following Eq. (12-112) will not neces­
sarily yield the fastest convergence. If the convergence turns out 
to be oscillatory and too slow, then taking half of the change in i L 
prescribed by Eq. (12-112) will often yield the proper convergence 
within very few iterations. In general, convergence is guaranteed 
in a region where certain conditions are satisfied (see Henrici 
(1963». 

A computer program for computing the time variables may be 
written directly on the basis of these numerical methods. For 
example, using the ¢i<t) model in Eq. (12-89) with step-F param­
eters and neglecting ¢E (t), computed waveforms of ¢ (t) and iL (t) 

with different step-F drives and different loads are compared with 
experimental oscillograms in Fig. 12-31 for the same thick core 
used in Fig. 12-29(b). In judging the agreement between the com­
puted and the experimental waveforms in Fig. 12-31, one should 
keep in mind that step-F switching parameters were used in the 
computation, although the net F <t) of the loaded core was not con­
stant because of variations in load current. The variation of com­
puted ¢ versus F during switching is shown in Fig. 12-32 for each 
of the load cases. The time interval between any two adjacent 
marked points is constant for each curve. The resulting S-shaped 
¢ (F) curve is characteristic of a loaded core and may be observed 
even if the drive current iD <t) is a ramp. Typical effects of induc­
tive and capacitive loads on ¢ during the switching time may be 
observed in Figs. 12-31 and 12-32: ¢ peaks early with an inductive 
load, and late with a capacitive load, as expected. 
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L =0.38I'H; C = 0.253I'F. 

(I) Nolo= 1.80 At; 

NL=2; R.L=0.131.o.; 

L=0.38I'H ;C=0.253I'F; 
lN3604 diode. 

Fig.12·31. Experimental (solid line) and computed (dashed line) ¢ (t) and iL (t) waveforms of a 
thick ferrite core (OD/ID = 1.61) switching with different loads and amplitudes NDID of step-F 
drive. Time scale = 0.5 f.Ls/div; ¢ scale = 0.5 V/i/div;iL scale = 0.5 A/div. (Nitzan,1965.) 
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Fig, 12-32, Variations of ¢ vs. F during the switching time, corresponding to the load cases in Fig. 
12-31 (Nitzan, 1965), 

Voltage Drive. Although flux switching has so far been based 
on evaluation of ¢ for given values of fr, F , and ¢ , in many appli­
cations a core is driven by a voltage source rather than a current 
source, and there is a need then to compute the corresponding 
net magnetizing current. However, the same switching models 
used so far are applicable for computation of F' for given fr, ¢ , and 
¢. This is so because the functional relationship among the four 
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variables F, F', ¢ , and ¢ is the same regardless of which variable 
is solved for. However, since F' is implicit in the switching model 
(see Eq. (12-89)), computations of F' for given F, ¢, and ¢ must be 
performed transcendentally. 

Average «Switching Resistance." The switching models pre­
sented so far are too complex to be applied manually. Quite often, 
however, a manual calculation of a rough approximation of flux 
change 1'1.¢ is very helpful. This need may arise when either a 
computer is not available, or if the circuit analysis is to be per­
formed algebraically, or if only a rough estimate of the switching 
performance is needed. On the basis of the simplified parabolic 
model for ¢;(¢) (Eq. (12-93)) we shall now derive a relation that 
enables us to perform such a manual calculation. This relation is 
adequate for computing the net flux change 1'1.¢ but not the ¢ (t) 
waveform. Since the net ¢E is usually negligible compared with 
the net 1'1.¢;, we shall neglect ¢E and identify ¢i alone with ¢. 

Consider a core (or core leg) that is switched from an initial flux 
¢o = -¢r to some final flux ¢r by a net mmf F'<tl of arbitrary wave­
form, and suppose that during most of the switching time, F' :c F' B 

(Eq. (12-82d)). The flux switching may become flux-limited by 
saturation, in which case it is complete and ¢r = ¢s' or it may be 
time-limited, in which case it is partial and ¢o < ¢r < ¢s' Let r s 

denote the switching time in either case. Since F':C F' B' then 
¢pW) = PpW - F'o), and Eq. (12-93) becomes 

¢ = p (F' - F' 0) (12-114) 

where 

(12-115) 

Since the units of ¢ and F' are volt/turn and ampere-turn, re­
spectively, p is regarded as "switching resistance per· turn 
squared." Defining 

~ = (~) _ 1 [cPf(l)d¢ 
p P av ¢r - ¢o cPo P 

(12-116) 

then p is the average value of p during the switching time. Sub­
stitution of Eq. (12-115) into Eq. (12-116) gives 
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P = (12-117) 
[<PI d¢ 

<Po pp[l - (¢!¢s)2] 

which provides a means for computing p over the flux change 
;\,.¢ = ¢r - ¢o· Assuing in Eq. (12-117) that ¢o = -¢r' then pversus 
¢r is found to be 

(¢r/¢) + (¢/¢s) 
P = Pp ----------­

tanh-1 (¢r!¢s) + tanh-1 (¢/¢) 
(12-118) 

To see how to use p, note that from Eq. (12-114) we obtain 

[ <PI 1 iTS 
- d¢ = (F - F 0) dt 

<Po P 0 

(12-119) 

and from Eqs. (12-116) and (12-119) we obtain 

(12-120) 

where F ex = F - F 0 is the excess mmf and F ex is the average value 
of F ex over the switching time. (Note that Eq. (12-120) is identical 
with the crude flux-switching model, Eq. (1-8), used in Part 1.) 
Thus, in order to calculate the flux change due to a given mmf drive, 
we calculate p from Eq. (12-118) and multiply p by the "excess 
charge-turns" Fex T s. However, since p itself is a function of ¢r' 
the solution for ¢r is transcendental, and may require a few 
iterations. 

On the basis of Eq. (12-118), plots of p/pp versus ¢r!¢s are 
shown in Fig. 12-33 for three assumed ¢/¢s values: 0.84 (dashed 
line), 0.90 (solid line), and 0.96 (dashed line). Each plot is shown 
in the region where Eq. (12-118) is valid, i.e., where -¢r 'S ¢r 'S ¢s. 

Knowing the values of ¢/¢s' Pp' and FexTs' then ¢r may be deter­
mined graphically instead of by the transcendental solution men­
tioned above. An example is shown in Fig. 12-33 for ¢/¢s = 0.9 
(which is a reasonable value for many common square-loop fer­
rites) and FexTs = 2¢/pp • The resulting value of ¢r/¢s cor­
responds to the intersection point (open circle) of the curve 
p/pp versus ¢r!¢s (Eq. (12-118» and the straight line p/pp = 

[¢r + ¢ s (¢r!¢ )]j(pp F ex T s) (Eq. (12-120». 
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Note in Fig. 12-33 that for ¢/¢s = 0.9, p/pp reaches a maximum 
value of 0.695 (marked by x) at ¢r ~ 0.55¢s. If "efficiency" of flux 
switching is measured by the flux change due to a given quantity of 
charge-turns, then this pOint corresponds to the most efficient 
flux switching. As ¢/¢s increases from 0.84 to 0.96, the maximum 
value of p/pp decreases from 0.75 to 0.59 while the corresponding 
¢,I¢s value increases from 0.50 to 0.64. 

For ¢/ ¢ s = 0.9 and essentially full sWitching (¢r = ¢r)' we find 
that P = 0.61lpp (see the point marked by a square in Fig. 12-33). 
This result allows us to determine the average full-switching re­
sistance from the slope Pp of the linear portion of the measured 
¢p(F) plot (Fig. 12-22). The value of P corresponding to ¢r = ¢r 
may also be related to the switching coefficient 

F - Fa 
Sw = (Hap - Halr = --- r sIs (12-121) 

where r s is the full-switching time under constant-F drive (see 
Fig. 12-16{a)), and I is the average SWitching-path length. Sub­
stituting Eq. (12-121) and A¢ = 2¢r into Eq. (12-120), we obtain 
the relation 

(12-122) 
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The notion of average SWitching resistance is very useful in 
qualitative understanding of flux switching in complex magnetic­
core circuits" Thus, with this section we reach full circle since 
the notion of average switching resistance was introduced in 
Chap. 1, and all of Part I relied on this simplifying notion. The 
reader was thus spared the necessity of treating complex core 
models while being introduced to circuit principles and techniques. 

12-7 Summary 

Flux ¢ and mmf F of each leg in a multileg core depend on the ¢ 
and F of other legs according to two rules: (1) along a closed path 
of E legs enclosing m windings, ~~=1 Fj = ~~=1 N k ik , and (2) in any junc­
tion of n legs, ~7=1 ¢j = 0 (hence, also ~j=l ¢j = 0) .. Flux-switching 
models (the functional relationships among ¢' ¢, F, F, and t) for a 
leg are based on experimental results of flux switching in ferrite 
cores using constant-F drives. The models encompass the static 
¢(F) curve and the elastic and inelastic components of ¢<tl. 

The saturation and nonsaturation regions of a static M (H) curve 
for ferrites are described by two hyperbolic functions. Integra­
tion of these functions over the leg cross section yields expres­
sions for a three-region static ¢(F) curve, ¢d(F). This model can 
be modified to handle discontinuous static ¢ (F) curves resulting 
from "re-entrant" Md(H) curves. 

The elastic component of ¢(t), namely ¢oW. has two sub­
components: a high-ampli~ude spike ¢u<tl due to rotation of 
magnetization, and a low ¢ow(t) tail due to domain-wall motion. 
Each component is described by a second-order differential equa­
tion of the form ¢t + o¢o + 71¢o = EF (initially, ¢o = 0 and ¢E = 0). 
For ¢ EW (t), this equation results directly from the stiffness, 
viscous damping, and mass of an average domain wall. The 
solution of ¢ u<tl for a step F (t) is consistent with the Landau­
Lifshitz and Gilbert equations. For either ¢o component, ¢o + o¢o = 

of if T r » 71/0 (for example, Tr > ;5 nsec), where T r is the ri~e ti~e 
of F(t), and if also Tr » 0 (for example, Tr> 65 nsec), then ¢o = of.~ 

The overall E peaks near ¢ = 0 and increases with the speed of pre­
vious switching, but for \ ¢ \ > ¢r along the saturation regions, 
E = d¢d(F)/dF. 

Two components of inelastic ¢ (t) are distinguished: a decaying 
minor component ¢id(t) due to minor inelastic wall displacements 
of essentially constant wall areas, and the bell-shaped main com­
ponent ¢im (t) due to major inelastic wall displacements (involving 
domain collisions) whose wall areas vary in time. Assuming that 
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initially ¢ = -¢r' the semiempirical models proposed for these 
components are 

where It id' F id' v id' and C id are switching parameters, and the non­
linear differential equation 

where ¢p(Fl is the peak of ¢im(t) fora given step F(t), and where¢d 
is the static ¢ versus F. ExpressIOns are proposed for a four-region 
¢p(Fl curve fitting. For F.<. 2 Fe , where Fe is the coercive mmf, 
approximate ¢i may be obtained from the ¢im model above by re­
placing ¢r by ¢s' Using this composite ¢i model for a step F(t), 

the solution ¢i(f) is a sech2 function of time. The ¢i models are 
also applicable for arbitrary monotonic F (f) functions encountered 
in square-loop-core circuits, e.g., a ferrite core driven by step 
or ramp F(t) and loaded by different combinations of R, L, C, and 
a diode. Such application requires the use of a digital computer, 
and involves numerical methods of integration and transcendental 
solutions of dependent variables for each increment of switching 
time T s' Experimental verification is given for a wide range of 
amplitude and different net F(t) waveforms. If an applied step F(f) 

is sufficiently high to drive the core into saturation, then ¢d = ¢s 
and the ¢ i model is further simplified to ¢ i = P (F ~ F 0 l, where 
P = p p [l ~ (¢!¢Yl and Fo is the threshold for high F. A calcu­
lated time-averaged p for switching from ~¢r to ¢r is 

where ur = ¢/¢s and ur = ¢/¢s' For full switching, ur = ur = 0.9, 
and p = 0.61 Pp = 2¢/(Swll. where I is the average switching path 
and Sw = (H ap ~ Hol T s is the switching coefficient. Manual calculation 
of flux switching is based on the relation 11¢ = pF ex T s' where 
F ex = F ~ F 0 is the net excess mmf. The p model is the crude 
switching model used throughout Part I. 
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Air flux: 
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experimental, 312-313 
leakage, 142 

Ampere's law,S, 68, 256, 288 
Analog signal switching, 113 
AND functions, 222, 226-228, 243 
Angular momentum: 

atomic, 260-261 
of electron: orbital, 257 

quantization of, 258 
spin, 258-259 

Anion, role in superexchange, 262 
Anisotropy: 

crystalline: of cobalt, 269, 273 
constant, 269, 315 
cubic, 269 
of iron, 269 
of nickel, 269 
of permalloy thin film, 269 
uniaxial, 269, 270 

shape, 270 
strain, 270 

Anisotropy constant, 269, 315 
Anisotropy field, 270-271, 276 

cubic, 271 
uniaxial, 271 

Antiferromagnetism, 262-263 
Applied magnetic field: 

effect on domain walls, 278 
effect on rotation of magnetization, 276, 

301-303 
pulse-duration effect, 283-284 
switching-time effect, 317 

Atomic angular momentum, 260-261 
Atomic ground-state rule, 261 
Atomic magnetic moment, 260-261 
Atomic shells, 260 
Atomic subshells, 260-261 
Average switching resistance (see Switch­

ing resistance, average) 
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Backward decoupling, 32, 38 
back-to-back diodes, 39 
orthogonal modes, 181 
shunt diodes, 39 
three-phase system, 40-41 

Balanced network, 66 
(See also Magnetic network representa­

tion) 
Barkhausen noise, 280 
Basic three-phase scheme: 

for bipolar logic, 233-234 
conversion to dynamic bias, 183-185 
derivation by Van De Riet technique, 155-

157 
Newhall bipolar version, 192-194 

Bias mmf: 
to adjust flux gain, 26, 58 
combined static and dynamic, 186 
to overcome threshold, 20 
(See also DYnamic bias; Holding mmf; 

Threshold logic) 
Biax element, 176, 178 

(See also Multileg-core circuit applica-
tion) 

Bidirectional shifting, 41-43, 61 
Binary counter, 245 
Binary pattern, 31-32, 152 
Binary scaler, 245-246 
Binary shift register: 

basic structure of, 31-32 
as a simple logic structure, 220 
use of complementary registers,194-197 

Bipolar flux clipping, 194 
Bipolar flux transfer, 34, 192-194 

derivation from complementary regis­
ters, 194-197 

logic synthesis, 231-234 
unipolar to bipolar converSion, 197 

Biquinary representation, 237 
Bit length of a register, 152, 153 
Bit rate (see Shifting rate) 
Bitter technique, 273-274 
Bloch walls, 207, 271 

(See also Domain walls) 
Bohr magnet on, 259 
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Boltzmann constant, 339 
Bridge networks, 228-230 
Briggs-Lo scheme, 54-56 

Engelbart reduction of, 56, 158 
Briggs scheme, 48-49 

Capacitor: 
loading a core, 12-15,338-342 
(See also Core-capacitor scheme; Core­

diode-capacitor scheme) 
Cations: 

in ferrites, 265 
interaction between, 262 

Cells, register, 31-32 
Centers of domain nucleation, 316-317 
Central-conductor winding, 288, 291-292 
Charge-turns, 119, 122,344 
Circumferential H, equalization of, 288, 

289 
Clear current pulse, 291-294 
Clear mmf pulse: 

experimental, 291-294 
requirements, 292 

Clear state, 38, 53, 69, ISO, 185 
Clocking arrangements (see Implicit drive 

phases; Pumping clocks; Single­
clock schemes; Subclocks for fan­
out; Three-phase schemes; Timing 
clocks) 

Closure domains, magnetic, 272-273 
Cobalt anisotropy, 269, 273 
Coefficient: 

magneto stricti on, 270 
switching, 120, 141,317 

Coercive force, 283, 293-294, 296 
Coercive mmf, 293-294 
Coherent rotation, 199-202,315-316 

(See also Flux gain and loss mechanisms) 
Collision of domain walls, 280, 316, 324 
Combinational logic (see Digital logic) 
Common-mode flux, 185 
Complementary shift registers, 194-197 
Complex networ!<, 149 
Components of </>(t): 

elastic, 301, 311-314 
(See also Elastic flux Switching) 

inelastic, 319-332 
(See also Inelastic flux switching) 

interdependence of, 329-330 
Computation of flux switching, 332-346 

differential equations, numerical solu­
tion, 333-335, 339 

elastic switching, 335 
experimental verification: loaded core, 

340-341 
ramp F(t), 329, 337 
step F(t). 336 

inelastic switching, 333-337 
loaded core, 338-342 

equations, 338-340 
experimental verification, 340-341 
S- shaped </>(F) , 340, 342 

manual, 343-346 
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Computation of flux switching (Continued) 
Newton-Raphson method, 339-340 

modification of, 340 
predictor-corrector method, 333-335 
switching reSistance, average, 343-346 
switching time, 334 
time step, 333-334 
trapezoidal integration, 333 
unloaded core, 333-337 
voltage drive, 342-343 

Constant: 
anisotropy, 269, 315 
Boltzmann's, 339 
gyromagnetic, 257 
magneto stricti on, 270 
Plank's, 258 
SWitching, 120, 141, 317 
viscous damping: domain-wall motion, 

306 
rotation of magnetization, 275-277,304, 

314 
Constant-p' model (see Switching resistance, 

average) 
Core: 

coupling, 149, 181 
equalization of H, 289 
equivalent, 73-74 
holder, 292 
loading (see Core loading) 
loop, 149 . 
modeJs (see Elastic </>(t) models; Inelastic 

</>(t) models; Static </>(F) models) 
multileg (see under Multileg core) 
saturable, 290 
shaping (see Multileg-core design; Shap-

ing of a core leg) 
single-leg, 287,291 
Switching model (see Switching models) 
tape-wound, modeling, 286-287 
thin (see Thin ferrite core) 
three-leg saturable, 290 
threshold (see Threshold mmf) 
torOidal, thick, 337 

thin (see Thin ferrite core) 
unloaded, 333-337 

Core-capacitor scheme, 41-43 
Core-diode-capacitor scheme, 43-44 
Core-diode schemes, 38-41 
Core loading: 

by another core, 17-29 
capacitance, 12-15 
effect on flux gain, 23-25 
inductance, 9-12 
magnetic-network representation, 70-72 
quantitative analysis, 338-342 

equations of, 338-340 
experimental verification of, 340-341 
S- shaped </>(F), 340, 342 

reSistance, 8-9 
Core models: 

~lastic. ~(tl (see Elastic ¢(t) .models) 
Inelastic </>(t) (see Inelastic </>(t) models) 
simplified (see Switching reSistance, 

average) 
Core shaping (see Multileg-core design) 
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Core threshold (see Threshold mmf) 
Core-wire circuits, resistance-type, 

45 
higher tolerance capability of, 106 

Core-wire schemes: 
Briggs, 48-49 
Briggs-Lo, 54-56 
Dick and Doughty thin-film, 202-204 
Dick and Farmer thin-film, 204-205 
difference between resistance and non-

resistance, 45 
Engelbart orthogonal mode, 181-182 
Engelbart reduction of Briggs-Lo, 56 
Engelbart reduction of MAD-N, 87,161 
flux-doubler (see Flux-doubler schemes) 
MAD-N (see MAD-N scheme) 
MAD-R (see MAD-R scheme) 
Mina and Walters NRR, 210-212 
Newhall bipolar, 192-194 
with no core-diode equivalent, 49-50,111 
non-return-to-reference (NRR), 209-210 
Russell type I, 107, 161 
Russell type II, 50 
Smith thin-film, 207-208 
Stabler reduction of MAD-N, 87 
three-phase, basic (see Basic three-phase 

scheme) 
Van De Riet double-speed, 163 
Yochelson, 161-163 

Coupling of moments: 
atomic, 262 
L-S.260 
Russell-Saunders, 260 

Coupling core, 149, 181 
Coupling-loop design: 

basic MAD-R register, 116-121 
MAD-R logic Circuits, 241-245 

Coupling-loop inductance: 
effect on flux_transfer ratio, 23 
elastic flux clipping, 35-36 
in MAD-R design, 120-121, 241-244 
magnetic network representation, 70-71 
use of strip transmission lines, 199-200, 

235-236 
Coupling-loop resistance: 

effect on flux-transfer ratio, 19-21 
functional replacement by a core, 50 
in MAD-R design, 120-121, 241-244 
magnetic network representation, 70-71 
in resistance-type schemes, 48 

Crystal: 
cubic, 269 
deformation of, 270, 272 

Crystalline anisotropy (see Anisotropy, 
cry stalline) 

Cubic crystal, 269 
Curie temperature, 263-264 
Current: 

atomic, 256 
central, 292 
clear, 291-294 
generating mmf, 5, 287-290 
load, 338-341 
magnetic, 71 
pulse, interrupted, 319 

with short rise time, 312-313 

Current (Continued) 
test, 292-294 
true, 256 
(See also Magnetomotive force) 

Curve: 
€ vs, F, 309 
€ vs, r/J, 310 
G(A1» (see Flux-gain curve) 
IITs vs, Hap, 317 
peak qecaying r/J vs, F, 324 
peakM vs, Hap, 317 
peak ~ vs, F, 325-328 
1> vs, r/J, 325 
r/J vs, F, dynamic, 342 
range (see Range map) 
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static M(H) , 266, 282-283, 295-296 
static r/J(F) , 293, 298-300 

Curve f,tting: 
peakr/Jp (F) data, 327-328 

static r/J( F) data, 299 

Damping, viscous: 
domain-wall motion, 306 
rotation of magnetization, 275-277,304, 

314 
dc drive (see Implicit drive phases) 
Decaying ep(t): 

model for, 320-323 
relation to delta nOise, 323-324 
relative magnitude, 330 
verification, 336 

Decimal arithmetic unit, 234-239 
Decoupling (see Backward decoupling; For-

ward decoupling) 
Deformation of crystal, 270, 272 
Delta nOise, 323-324 
Demagnetizing field, 268, 270 
DeMorgan's theorem, 222 
Design (see Logic design; MAD-R circuit 

design; Multileg-core design) 
Dick and Doughty scheme, 202-204 
Dick and Farmer scheme, 204-205 
Differential equation: 

for capacitive loading, 13 
for inductive loading, 10 
MAD-R coupling loop, 117, 242 
modeling: elastic r/J(t), 303-308 

inelastic r/J(t) , 315, 325, 331-332 
numerical solutions of, 333-335, 339 

Digital flux transfer, 33-34 
Digital logic: 

AND, 226-228, 243 
combinational, 216, 221 
eXclUSive-OR, 228-230 
fan-out, 113, 230 
OR, 223-226, 237, 244 
similarity design, 241 
synthesizing two-input functions, 240-241 
truth table, 221, 232 

Dimensions: 
of leg of a core, 296-297 
shaping (see Shaping of a core leg) 
transformation for unity turns ratio, 73-

74 
variation, effect on one/zero ratiO, 144 
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Diode: 
loading a core. 338-342 
for logic synthesis. 223 
model. 338-339 
simulation by a core. 46-48 
(See also Backward decoupling; Core­

diode-capacitor scheme; Core­
diode schemes; Forward decoupling) 

Dissipation of flux (see Flux dissipation in 
resistance) 

Distribution. random: 
of domain-nucleation centers. 316-

317 
of domain-wall energy, 282 
of magnetic moments. 262 
of minor and major moving domain 

walls. 282-283, 320-321 
Domain patterns. 267. 272 

observation of. 273-274 
Domain-wall collision. 280. 316. 324 
Domain-wall displacements: 

elastic. 279 
force on. 278. 306 
inelastic. 280-284. 318-323 

major. 280-283. 318-320 
minor. 280-283, 318-323 

Domain-wall motion: 
area variation of. 280. 324 
collision. 280, 316. 324 
damping, 306, 311 
elastic: conditions for. 279-280 

experimental, 293-294 
types of, 279 

interaction with nonmagnetic inclusion, 
277-278 

susceptibility of, 306 
switching mechanism of, 267, 275 
Viscous damping of, 306. 311 

Domain walls, definition of, 271 
Bloch, 207, 271 

3600 ,292 
collision of, 280, 316. 324 
displacement of (see Domain-wall dis-

placements) 
energy of, 271-272 
energy gradient of. 279-281 
energy hill, 279-281 
force on, 278, 306 
motion of (see Domain-wall motion) 
Neel. 207, 272 
restoring forces of, 278-279 

Domains, magnetic: 
closure of, 272-273 
collision of, 280. 316, 324 
energies of. 267-272 
nucleation. centers of, 316-317 
pattern of, 273-274 
relation to static M(H). 266 
structure of, 267. 272 
subdivision of, 272-273 
theory of, 266-274 

Drive-current tolerance, 34-35 
MAD-N vs, MAD-R. 106 
range (see Range map) 
vs, speed, 104-106 

SUBJECT INDEX 

Drive windings. placement of,125. 288. 289. 
291, 292 

Dynamic bias. 182-187 
applied to MAD-R. 187-190 
in combination with bipolar transfer. 197-

199 
Dynamic threshold field, 315. 317.320.321. 

323 

Easy directions of magnetization (see Mag­
netization) 

Eddy currents. 286-287 
Elastic domain-wall motion (see Domain­

wall motion. elastic) 
Elastic fast-switching experiments (see 

Fast-switching experiments. elastic) 
Elastic flux clipping. 35-36. 194 

(See also Flux gain and loss mechanisms) 
Elastic flux switching: 

coefficient. e. 308-311 
computation. 335 
experimental. 293-2~4. 311-314 
models (see Elastic ¢(t) models) 
from partially set state. 309-310 

history dependence, 310 
rotation of magnetization in. 310 
wall motion in. 310 

Shuttle, 312 
step F(t). 293. 303-308. 312-313. 318. 

335-336 
Elastic magnetization switching: 

conditions. 283-284 
experi~ental. 293-294 

Elastic ¢(e) models, 301-315 
components of, 301. 311-314 
domain-wall motion, 306-307 

approximations in. 307 
damping. 306 
equation, 306 
from partially set state. 310 
rise-time effects. 307 
stiffness, 306 
susceptibility. 306 
wall mass. 306 
waveform. 307-308 

parameters of. 305. 307-308, 311 
rotation of magnetization. 301-306 

approximations. 306 
damping, 275-277, 304. 311, 314 
equation, 303-306 
Gilbert equation. 302-303 
Landau-Lifshitz equation. 302-303 
with low damping. 304 
from partially set state, 310 
rise-time effect. 306 
spiral tranSient, 301-302 
susceptibility. 303. 305 
waveforms. 307-308 

saturation regions. 308-313 
total. 307-308 

Elastic rotation of magnetization. 276-277 
maximum angle in ferrites. 277 

Electron: 
angular momentum of. 257 
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Electron: 
equivalent, 260 
g factor: orbital, 257 

spin, 257 
magnetic moment, 257 

quantization, 258 
orbiting, 257-261 
spin, 257-261 

Energy, domain: 
ani sotropy, 267, 269 
dissipation, 280 
exchange, 263, 267. 268 
magnetoelastic, 267,270 
magnetostatic, 267, 268 
magneto stricti on, 270 
wall, 282 

from a dc source, 28 
Engelbart orthogonal-mode scheme, 181-

182 
in lattice form, 182 

Engelbart reduction: 
of Briggs-Lo scheme, 56 

all-toroid version, 158 
of MAD-N scheme, 87, 161 

conversion to negation, 169-170 
conversion to NRR, 209-210 
in set-state notation, 152 

Equalization of circumferential H, 288-289 
Equivalent electrons (see Electron) 
Equivalent magnetic behavior, 73-74 
Excess mmf, 7, 106, 183, 325, 344 

relation to flux gain, 58-59 
Exchange energy, 263, 268 
Exchange integral, 268 
Exchange interaction: 

direct, 262, 267 
indirect, 262, 265 

Exchange of node types in a network, 80-81 
Exclusion principle, 260 
Exclusive-OR functions, 222, 228-230, 244 
Experimental measurement (see Measure-

ment) 
Experimental verification of models: 

elastic <Nt}, 312-315, 336 
inelastic Nt}: decaying, 336 

main, 336-337, 340-341 
loaded core, 340-341 
peak ci> vs. F , 327 
static ¢(F), 299-300 
unloaded core, 312-313, 330, 336-337 

Factors: 
g, 257-259, 261 
Lande splitting, 261 

Fan-out, 113, 230-231, 235 
Faraday's law, 4 
Fast-switching experiments, elastiC, 311-

315 
core and windings in, 293-294, 311 
correlation with magnetic spectra, 314 
determination of anisotropy constant 

by, 314-315 
determination of viscous damping by, 

314 
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Fast-switching experiments, elastic (con­
tinued) 

effects of transverse field on, 313 
elimination of wall-motion component 

in, 313 
rise time of F(t} in, 311:-313 
waveforms of F(t} and ¢(t) in, 312-313 

Ferrimagnetism, 262-264 
Ferrites, 262-265 

crystal structure of, 264 
interstices of, 264-265 
inverse, 265 
magnetic spectra of polycrystalline, 314 
normal, 265 
sites of, 265 
spinel structure of, 264-265 
sublattices of, 265 
superexchange in, 265 
unit cell, 264, 265 

Ferromagnetism, 262-264 
Field: 

anisotropy, 270-271, 276 
demagnetizing, 268, 270 
exchange, 267 
magnetic (see Magnetic field) 

Flip-flop: 
in design example, 237 
in sequential logic systems, 216-218 
in shift registers, 31 
transistor-core analogy, 218-219 

Flux, air (see Air flux) 
magnetic (see Magnetic flux) 

Flux clipping (see Flux gain and loss 
mechanisms) 

Flux creep, 81 
Flux dissipation in reSistance, 8, 27, 103 
Flux-doubler schemes, 92-98 

all-toroid, 92-93 
continuous-structure, 97-98 
in decimal arithmetic unit, 234-239 
demonstration of doubling effect in, 93-

95 
muitileg, 95-97, 234 

Flux gain and loss mechanisms, 35-37 
coherent rotation, 199-202 
flux clipping: bipolar, 194 

elastic, 35-36, 194 
inelastic, 36, 130, 144-145, 235 

flux doubling, 92-98 
flux pumping, 25-27 
flux transformation, 15,41 
soft-threshold effect, 59-61 
turns rati 0, 19 

Flux-gain curve, 33-35 
bipolar, 34, 192-194 
negation, 166-169 
ternary, 194 
unipolar, 34 

Flux-limited drive, 134 
Flux modes, orthogonal, 175-180 

applied in dynamic bias, 182-185 
Biax element, 176, 178 
Engelbart orthogonal-mode scheme of, 

181-182 
in exclUSive-OR functions, 228-230 
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Flux pumping, 25-27, 81 
(See also Flux gain and loss mechanisms) 

Flux reversal (see Flux switching) 
Flux sources: 

for dynamic bias, 185 
for MAD-R logic, 240-241 
for negation transfer, 172-175, 235 

Flux steering, 179, 201, 232-233 
Flux storage in inductance, 12 

effect on flux-gain curve, 23, 36, 120-
121 

Flux switching: 
computation of (see Computation of flux 

switching) 
elastic (see Elastic flux switching) 
experiments (see Flux-switching experi-

ments) 
inelastic (see Inelastic flux switching) 
loaded core, 338-342 
ramp F(t) , 329, 334, 336-337 
shuttle, 312 
step F(t) (see Step F(t) switching) 
switching resistance, average, 343-

346 
time, 317, 334, 343-345 
unloaded core, 333-337 

ramp F(t) , 329, 334, 336-337 
step F(t), 293, 303-308, 312-313, 318-

319,321-322,325,328-332,334-
336 

voltage drive, 342-343 
(See also Switching) 

Flux-switching experiments, 291-294 
coaxial transmission line, 292 
core arrangement in, 291-292 
drive currents, 291-294 
integrator decay, 294 
interrupted F(t) , 319. 
waveforms of F and <P, 292-294 

Fl ux tipping (see Flux steering) 
Flux transfer, nondestructive (see Nonde­

structive flux transfer) 
Flux-transfer curve (see Flux-gain 

curve) 
Flux-transfer ratio, 17-25 

effect of: loop inductance, 23 
loop reSistance, 19-21 
receiver loading, 23-26, 37 
receiver threshOld, 21-23 
transmitter threshold, 21-23 
turns ratio, 19 

relation to excess mmf, 58-59, 231 
(See also Flux-gain curve) 

Flux transformation in capacitance, 15 
core-capacitor scheme, 41 
as a flux-gain mechanism, 41 

Force: 
coercive, 283, 293-294, 296 
between currents, 256 
on domain wall, 278, 306 
exchange interaction, 262, 267-268 
magnetomotive (see Magnetomotiveforce) 
superexchange-interaction, 265 

Forward decoupling, 32, 37 

SUBJECT INDEX 

Forward decoupling (continued) 
use of a series diode in, 37-38 

Frequency of shifting (see Shifting rate) 

g factor: 
atomiC, 261 
electron: orbital, 257-259 

spin, 257-259 
Gain curve (see Flux-gain curve) 
Gain mechanisms (see Flux gain and loss 

mechanisms) 
Gilbert equation, 275-277 

elastic rotation of magnetization, 301-
304 

Ground-state, atomic, 261 
Gyromagnetic constant, 257 

Holding mmf, 39,42, 81, 103, 107 
analogy to diode forward bias, 46 
eliminating need for, 40, 55, 112 

Hund's rule, 261 
Hyperbolic model, static M(H) , 295-296 
Hysteresis loop, 6, 135 

(See also Static M(H); Static <P(F} measure­
ment; Static <P(F) models) 

Implicit drive phases, 27 
for MAD-R priming, 103-104 

Implicit equations, numerical solution of, 
339,340 

InclUSion, nonmagnetic, 273 
Incremental time step, 333-334 
Inductance of coupling loop (see Elastic flux 

clipping; MAD-R circuit design, 
coupling-loop) 

Inductive core loading, 9-12 
(See also Core loading) 

Inelastic domain-wall displacements: 
conditions, 279-284 
major, 280-283, 293-294 
minor, 280-283, 293-2?4 
models (see Inelastic <P(t) models) 

Inelastic flux clipping, 36,130,144-145,194, 
235 

(See also Flux gain and loss mechanisms) 
Inelastic flux switching: 

components, 319-332 
computation, 333-337 
experimental,293-294 
major, 318-320 
mechanisms, 319-320 
minor, 318-324 . 
models (see Inelastic <p(t) models) 
step F(t) , 293,318-322,325,328-332,334, 

336 
time, 317, 334, 343-345 

Inelastic magnetization Switching, 280-284 
peakMvs. appliedH, 317 
















