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Abstract: Laplace transforms are used to solve the diffusion equation
for hole flow in the base of a junction transistor, OCurrent transfer
functions are derived for a planar, homogeneous base transistor. In
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Expressions are obtained for the inverses of these functions for
steps of input current, In agreement with experimental results s a delay
is found in the common base response, This leads to a modification of
the rise and fall time equatioms of Ebers and Moll., The common emitter
switching times are fbund to agree quite well with Ebers and Moll,

The storage times are found by breaking up the solution into its
forward and reverse components and using the common base transfer func-
tion for each., This gives a storage coefficient involving Gys Oys BN’
BI, YNQ and b’I which can be put approximately in the form of Ebers and
Moll’s result, The effect of U’I on storage time is noted,
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TRANSIENT RESPONSE OF JUNCTION TRANSISTORS=~I

INTRODUCTION

The flow of minority carriers in a semiconductor is governed by
the same diffusion equation that describes heat flow except that a
minority carrier can recombine with a majority carrier. In this paper
we shall follow the conventional practice of considering the minority
carriers to be holeé9 and the transistor to be pnp. The equations for
electrons can be obtained by replacing p by n and q by =g, The

continuity equation1

dr_(x,%)  plx,t)  dp(x,t) [ 1 } 1)

1
4 d= Tp at cmésec

states that in a slab of unit area and width dx, the number of holes
entering minus those leaving per second, minus the number recombining
per second equals the rate of growth of the hole density. The transport
equation states that the number of holss passing through the slab in a

second is ng the diffusion constant, times the slope of the hole

density.
I t dplx : :
Lle® o St L (2)
4 poax cm sec

We now differentiate (2}, substitute this in (1) and obtain the dif-
fusion equation.

dzp(xgt) plx,t} dp(x,t) (3)
DPTSQ Tp SR

This is a one~dimensienal diffusion egquation in which all hole flow is
considered to be parallel and the emitter and collector to be planar
and parallel, The assumption here is somewhat like neglecting fringing
in a parallel plate capacitor. To solve this partial differential
equation we take the Léplace transform with respect to time,
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, dza(ssx) ' ,\P‘(Ssx)w

- dxﬁ - = g.P(s,x) - p(x,0) )

Tp

To faeiiitate solution p(x;0) is set to gero, which means that the ‘
solution will start from rest and rise to the final value., Bquation ()
‘may be put in the forms

with solutions

&P(s;x) > o .
. —-—;;?-—-n-o - [ P(ng) =0 (5)
where [° = ——"F-
p
P(s;,x) = K SinhM"x" + B Cosh/x (6)

COMMON BASE ACTIVE SOLUTION

To make this transient solution fit physical problems we must
add or subtract it from another solution which represents the initial
conditions, This may be thought of as two transistors in parallel, one
repres’e“nting the initial conditions and the other the transient selution.

- I(0) | L0
— —

I, i,
N2 |  ——
oI, 5 (t,w)

P 4 s —>
o
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The hole density plot is a useful device for visualizing the transient
responsec,2 By (2) the current is proportional to the slope of the hole
density. Equation (3) shows that in the steady state, any curvature is
due to recombination. .

Bmitter efficiency, ¥, , is the ratio of the hole current at x = 0
to the current in the emitter lead, It is a function of the emitter hole
density but will be assumed to be constant in this analysis,

e - % AIQ \\ 1(t,w)
— b/N | E—— e \\\ e e e €3

&

The sbove diagram represents the effect of the emitier efficiency. Only
“the fraction ¥, of the zctual ewitter current reaches the emitter of
the ideal transistor., The vertical lines are electron current to make
the device obey Kirchoff's current law.

In the active region the collector is reverse biased and the hole
density there is zero. Thus the boundary conditions on (6) are

fP(ssw) s 0

ZI(%O} = XN’A Te (7)

-]
comy Ry
)

3
B

The constants A and B may be found giving

pla.x) = Se 7 Bizh/ (s=x) (8)
o @D‘pf" 8 Cosh /" w

The colléctor current is obtained by applying (2) to (8) and setting

X = Wo

2% 2 (9)
) CoslMw

- I(s,w) =
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~ The inversion of ‘hhis l.aplace transform ig the solution for the
‘collector current as a fmeﬁon of time. .To do 'phis we must expand (9)
‘in a partial fraction expa,ns:wn which is actuallyd one by finding the
residue at each pole, To facilitate the solution two theorems from
Laplace transform theory will be used; the shift of poles in the s plane,
" and the time scale change.>
Replacing s by 8 = -7_]-5- in the s domain multiplies in the time

domain ‘@y exp(- 7--4) Multiplying s by —gr- in the s domain multiplies’
t by T 1n the time domain,

”
ey e T T |
1(t,w) = 2
(t;,w) = e I (e_%} hF,
__‘I;tr
L F ’-‘Ie W (10)

zw = o P Z,
(M --—2) Cosh')/—

where ) = .%. s LS = D1
p P PP
| D
-
wz : o .
- This has poles at )\ = == and Coshyh = Cosy-h =0
or - 2n 4142 2 W See [ (1]
- >) g-, (m-—§-——-nw) " $ "“"5 ns= 0919"‘" o .(11)

Fig. lwis a plot of the poles in the ) plane, To avoid appear-
:mg to have a pole in the right half plane, which wonld 1ead to a grow-
ing exponentlal, the poles have ‘been shifted back by s = —,7;- or
) = Tg- The residue at any pole is proportional to the product of ‘the
reciprocals of vectors drawn to that pole from all others, Because of
the proximity of the pole at the ongln to its neighbor, these two terms
dominate all the rest, Note that the residue at the f irst pole from the
‘origin is negative because one vector points in thé negative dlreetum,
and is larger than the residue at the origin because the pole is ¢losér



6M=4913 5e

to the outer poles. Neglecting all poles but the two, we might expect

this:
(r,w) /————

Since (5) requires that the function start at zero the effect of the
neglected poles is just to alter the response near zero as s hown by the
dotted line,

The inversion of (10) is accomplished as follows:

2 A ‘
W
@ T (12)
J _;g ‘ o Kon sl ¥y
N e i(T,w) = -4 Z — = 5
o h =0 / .
N Mo CEDZE () - Ey) Cosh v
A L
p P
Wﬁ ‘ Wz
Multiplying through by A = —=s and letting p) —=—=5 we obtain
. L L
' P p
_ sI, ¥y (13)
& e = AT ¥ B = AT 13
K'l Cosh ¥ e "NTN e

*

where @N is the transport factor, not te be confused with the common
emitter current gain. The N stands for normal as we later consider the
inverted current gains., In a similar manner K2 can be obtained. Thus

’n
, , : 2
. (G e b
LG I B S-S ) P
rif%; L F L w1 o
. (2n+1) ¢ ::g ;’2@ Prs)
' P

Let B = 1 and neglect all terms but two.



615“‘14913 S .60'

~ - :“2 T
I P P o
N |
'In Fig. 2 are plotted the exact expression and the two term approximation

for gﬁ = l_o .
In the same manner the inverse of (8) may be found.
: w x
qu ?(Tgx) Sinh i;(l - ;:)
.aNAIe W
E
p

. 2
2n%l 2 2 . W
(Hl)'n,'Sin (%ﬂ)ﬂ(l ..-_:é) [ 2 " ‘I.ZJ

18 2 B
: B ;5 ‘é 2 h . W2 © (16)
(Zn*l.) L =5 =5
) I’p

This is plotted in Fig, 3 for g = 1, . L

' When the change of em‘iEter current, A.Ieg' is a positive step, the
transient collector current, i(Tyw), is added t@'Ie.(O) times the steady-
state currept gain .

ic

 When oI is a negative step, i(T,w) is subtracted from cx’NIe(O)a ,
If @Hb I‘e is larger than aNI e(o) s as is usually the case during turn=-off,
the solution is valid only for positive currents as the emitter cannot
emit backwards . '
i B O

ayale
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Actuglly the yesponse near zero is an approximation because
negative hole densit§es are assumed;, an impossébilityo' Below are shown
the hole dengity plots from which the above cubve is obtained by using
(2) at the gpllector,

'Ig(ﬂb minus equals

While the slope at the collector is still negativey; and collector current
still flows, the hole density at the emitter is negative, This' difficulty
also arises in the derivation of switching times by Ebers and Mhllf;';
The actual effect may be similar to this, however. When the emitter
hole density reaches zero, an avalanche or punch through effect can take
‘place which tends to move the emitter Junction boundary toward the
collector, . '

The rise time, t 0° is defined as the time: fbr the collector cur-
rent to rise from zero to 0.9 of its final value, Ic sat’ which equals
the collector supply voltage divided by the collector load resistance,
This assumes zero emitter-collector voltage; a good approximation for
supply voltages over pne volt,

ie //.—/"”——CNIQ
' - - - == Icsat
: 0°9Ic-sat
|
! t
t
o

The rise time may be f ound by using the above f igure and (15) the
two terma pproxlmat.lono
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ik EE,T
Gle(l rge & ) =09 I, o5
L b e . :
T =Bt =doind- - an
° ;g ° ;5 w T 95,9,;@ sat
I, =
‘Boers and Mo11 obtained
i)
P . I ,
T =yt 5 ln —=2 (18)
v I 0 9 1; sat -
e oy
2D .
with mN -—zP- P (19)
W - .

27 -
by using (1 - e ) instead of (1 - - e Y. This results from
assuming that the hole density plot. (Fig. 3) consists of st.raight 11nes.5
These curves are compared in Fig, 2, In (17) the effect of the delay is
incorporated in the -li while (18) permits zZero ;'ise time for infinite I_.

For the - fall tlme the following curve ig obtained.

T —Icsat

';aNAI aNIe2 e sat

N T T 7

71

- 1T c sat &
N
Thus
k ;.WA"' g‘?'»'ré e .
I, sat (aNIGZ I, sat)(l i S T)= 0.l I, sat
ow o ks b Te sat —“m‘%e s

T, =% t, =ds1n 2 2 , (20)
2 n.--g 2 FZ T wnIT, sat ¥ “N'e2

as compared with Ebers and Moll's relation,
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, _ 1 c ‘sat “NIe2
T, = t, = in : (21)
2 ;ﬁ_ 2 27 0.1 Ic sat " “NIeQ

COMMON EMITTER ACTIVE SOLUTIGN

The common emitter configuration is the usual one used because
of its high curyrent gain and phase inversion property. A step of base
current, AIb is applied.

i

AL # 1 i
Ibc__’c X c

The boundary consitions on (6) are now

k P(s;w) = 0 ,
{ AL (22)

1(s,0) = ¥y(—2 + I(s,w) )

with solution

I . N
P(s,x) = 4 bpb’n slph/’(w-x) (23)
| qu s (Coshlw - b’N)
and
. oLy :

s (Coshpw b‘)

After normalization and a shift of poles in the plane, (2li) becomes

_¥g
BV L2 -/ L Ib ¥
i(T,w) =e P 97: 5 N (25)

() = E(cosnyT -y
P
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This has poles at ) = -'-33_; and at Cosh-ﬁ\- = 6081/:_})- - a’n
L . ‘

1/}“)\ ‘= noqy & Cos"lXN

k=

‘Thus

N

A =%, (a2w & CosTl ¥ ) | (26)
. L ) ns= 0,1,‘2,""

o

‘Fig, 1(b) is a plot of the poles in the )\ plane., The poles have
been shifted back by wz/L§ as before., Because of the closeness of the
first two poles compared with outer ones, they may be neglected to a \
much better approximation than in the common-base solution. The response
is then

T
i(T,w) = K@ - eAl ) . (27)

where K is the residue at the origin and)yl is the location of the first
pole from the origin. '

2
Ny = =(Cos™ ¥ )% - ‘It-i- (28)

But by (13) and the power series for Cosh x, we have

2
Cosh B w 231 ¢ ¥
P
Cxoadoa) (29)
z P ’
p

Similarly -
Gos-f:x ® b’ﬁ 1 - L‘_’,;Ll

~(Cos )2 & 201 ~¥p) | (30
So (28) becomes

Nq ¥ 21 =¥+ % -1) = = %‘(1 - o) (31)
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and after neglecting the factor % and using (19), the result of Ebers and
Moll is obtained

. . 2 .
}\1 = «-Q(I-aN) = «-'g— m(l-aN) (32)
. » b

The validity of (27) may be checked by taking the inverse of (2L).
ﬁith.XN = 1, The residues at the first two poles lead to a delay (T = .1
Fig. 2) of 1/12 which is very smail’ﬁith respect to the normalized time

constant of the exponent1a1 of ?(T-E§)°

The normalized rise and fall times may be obtained in a manner
similar to the common base derivation using (27) instead of (15). Thus

i ‘ aN.
° R = b

0.9 Ic sat

¥

(33)

and similarly ‘
I ® e T
D ¢ sat ¥ Toa b2
T = -g t2 2(1 ) in e .éN “ﬁ . (34)
w : ¢
QQN 0.1 I *W%Z

¢ sat

COMMON COLLECTOR ACTIVE SOLUTION

The transient emitter current is obtained by adding Ib to the

transient collector current obtained in the common emitter solution.

(35)
. =2(1l=a, )T =2(1=a )T
i ef, ph - M) ean -e g = Gme M)
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The r;Se and fall times may now be obtained in the same manner as before.

D ; ,
T =Lt = 1 ~ 1n e’ e e ' (36)
W 2(1-@N) I, - 9;9(1-‘%)19 sat

aN(Ie sat * T:-I-'T——aNIbZ)

(37)

D 1
Ty = 5 ty = — 1In . -
w 2(1-ay) 0.1 I, sat *T:—tzNIbZ‘

SATURATION SOLUTION .

‘In the saturation region the collector current is limited by its
saturation value, Ic sat® The collector junetion becomes forward biased
and the hole density at the collector is no longer zero., The steady-
state and transient solutions may be represented as two paraliel transis~
tors as before,

13(0) ‘Ic sat
-—-’ t’

=% |

I
e
o> |
¢ 1,(0)
gy

sT] T

AIb{,

T )

It is seen from the gbove figure that AIe =AIb‘, therefore the solution
is wvalid for all three circuit configurations. The boundary conditions
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I(s,w) =0
2L Y
I(s,O) = ...._b.g-g__y-
with solution

AIb,e YN Cosh [ (w-x)

P(s,x) =
q DpP s Sinh/w

and

2 efn 1
quF s Sinhlw

P(s,w) =

as has been previously obtained by Korikle.?

13.

(38)

(39)

-(Lo)

An important effect has been neglected, however. The collector is
forward biased and is emitting holes with efficiency b’I. To take account

of this, the transient solution is broken up into two active solutions

in the manner of Ebers and Moll.

AL

HQ(
b

et

jen

Q

The active region hole density plots may be replaced by the transfer

functions derived in the common base analysis,
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—> — 5
Cosh[ w

| B

(=4
L
T

s, ¥y¥
'IA(S) =5t 2
R Cosh“Mw

 IA(s)

oIy, Coshlw
I s A p e . e X T

(k1)
Coshw

- !

The hole density at the collector; P , may be found using (8)

1B(s) ¥y Sinh['w AT y ¥ Sinh ﬁw

P(s) = (k2)

q Bpl" Coshl'w q 'Dpf’ s (CoshaFw - ?’Naf[)

This reduces to (LO) for B’N = b’I

the poles are found to be at ) _
2 .
N = % and Cosh-f?\_ = Gosﬂ = ﬁb’Nb’I
L °
P

ori-\ = (nm % Cos_]'"/b‘Nb‘I)

~ thus after a Bhift back, the poles are located at

= 1, After normalization and a shift,

| ) I
N w0, ~om & CosTRE)” - Ky n=01,2,0  (13)
p
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Similarly (42) has zeros at

N = =(am)? - (kL)

ol o

The pole-zero plot of (42) is shown in Fig. 1(c).
The analysis now parallels that involving (27) through (32) with
‘o’N replaced byq/a’Nb’I. This leads to

f ¥
7\1 -%(I-GN % = - m(laN I -(L5)
This differs from Ebers and Moll's expression
“N°1
7)1 = D ( mN mI - O'NGI) | ()46)

Tn order to take into account deviations from the one-dimensional
planar transistor, they considered the inverted transistor to have a
different. than the normal one. This can also be done by considering
two one~dimensional transistors having different base widths.

I
£ '
8 ZfN
Cosh " N
Y1
Cosh I ’

o
e‘t
mlo}—l

Thus (42) becomes

oI Y. Y. Sinh M.
Pyo) - —— LI _ )
q Dp 18 (Cosh y¥y Cosh ['qwr - B’NB:I)
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2
It does not help here to shift the poles by 1% ‘because it is not equal
I

. in the inverted and normal directions., Equation (47) has poles at

. 2 2
Gosh/\/(sl 7_,N)(]J 5) Cosh (sl ’f ( e o ) =Q’N3’I - (L8)
D P R

Using (19),' (29), and:two'téms of theivﬁoﬁér seriés;,for" Gé’s’h‘x,’ we obtain

18y, 1B
(1 )@.~(1 : 4 )XN‘]

1T ey way - Py " Br NAE[
: Q(wN “’I [ (1- [1-5N 1)(1-[R-87]) zNB'IJ
& -"(m:NwImI)(l-aNaI) R N | (L9)

- ‘Klthough it does not enter into the expression for s*t'orage time,
the value .of collector hole density finally reached with input LI, is
obtained by findlng the residue at the orlgm of (h?) e

Kl(l - es S (50)

Kl = AIeﬁb v ” T
D iy
q. P 1~ C_"NC‘I

(51)

The storage ﬁmeg 19 is obtamed 1n the same manner as the fall

times,
P

e .
LT =
esb K : Ic sat

T T Te1 =

~ Common, Base
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oy * e Teo * I
ty = o T 1n o Tc — (Common Base) (52)
: e2 ay
oy + o e * Iy
b = aog(T y 1n. . (ﬁ (Common Emitter) (53)
Ib2 ~“c¢ sat ay
o B 1n 2 * T (Common Collector) (5k)

b = ay (T
A U S A )

If:(hS) were used instead of (L7), the time constant term in the

above equations would be
1
I
m.(l—aN:-\’—-)
N

By making YI as small as possible, storage time is reduced without
affecting the response in the active region. After assuming a’N equals

(55)

one, the factor 1
l-a.N;fE
» I

~is plotted vs ¥ in Fig. L with ay as a parameter. The effect of ?fI

on the storage time is quite apparent.
SUMMARY -
Previous works on junction transistor transient response have treated

it as an extension of small signal theory. The hyperbolic expression
for B -

1 :
2 ]
Cosh g—— s * %
p Lp

is approximated by various polynomials in jo in a sinusoidal analysis.
This expressioh is then used to obtain the- transient response.

In this paper the hyperboliec functions are solved direetly by
Laplace transforms. This leads to a modificatioﬁ of Ebers ‘and Moll's
switehing time equations for bconm’n ,base:"ep?e;fatien.‘f The l;gyperbolirg
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expressions with common emitter operation and in the storage region
are also solved directly. The results agree qﬁite well with Bbers
and Moll, Other forms of the results include explicitly the emitter

efficiencies.

(udoh C. QAo
Ralph G, Johnston

RCJ

Attached Drawings: Fig. 1- A=}886)-C
Fig, 2= 4-18865-G

Fig. 3= A=18866-G

- Fig. b~ A=}8867-G
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