




























































































































































































































































































































































































































































































































































One should select a definite address for each element of the computer 
diagram in a way that minimizes patch-panel clutter. If interchangeable 
units are used, make a list of which units should be inserted in which 
slots and issue this as an instruction to technicians. These instructions 
should also request routine maintenance testing of any unit that is going 
to be used, which has not been checked for a long period of time. Also, 
construction of any special elements that may be needed should be requested. 

If several machines are used, allocate the elements to minimize trunk 
connections so that physically-significant partial systems can be set-up 
on each patch-panel. If several patch-panels are used, as well as several 
sheets for the diagram,one should attempt, as far as possible, to have all 
elements on a given sheet allocated to the same patch-panel. 

Select, for each pot, the input gain of the amplifier(s) to which it is 
connected, e.g., 1 or 10, or parallel combinations like 20, 2, etc. 

This allocation is made amplifier by amplifier. If it is found that the 
number of inputs on some amplifiers is not sufficient, proceed as follows: 

1) Precision resistors from passive element groups can be patched 
to the summing junction for extra inputs. 

2) A summing amplifier, not used otherwise, can have its input 
network paralleled with that of another summing or combination 
amplifier. 

The amplifier which has lost its input network still can be used as an inverter 
by patching a precision resistor directly to its grid. It also can be used as 
a two-input high gain .amplifier by using the feed-back resistor as an input 
resistor. The grid must then be grounded by a patchcord during pot setting 
since there is no pot set relay. It is often practical to compromise in gain 
allocation by using a gain of 10 where an extra gain of 1 is needed, unless 
the drop in relative accuracy of the pot-setting (which becomes 10 times smaller) 
cannot be tolerated. As to which setting should be modified, it should be either 
the highest (among coefficients < 1) for adequate accuracy, or the lowest as the 
term represented by this setting is known to be quasi-negligible anyway. 
In general, one should apply common sense in constructing a circuit �d�i�a�g�r�~�,� and 
attempt to utilize the equipment efficiently,anticipating mechanization problems. 

Typical illustrations include: 

1) Programming a potentiometer in the numerator of a division 
circuit which may overload 

2) Distribution of loop gains where possible 
3) The isolation of parametric variables. 

With the computer circuit diagram complete, the following lists should be 
prepared, indicating the purpose of each component and the signal voltages or 
settings involved: 
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1) Potentiometer sheets 
2) Amplifier sheets 
3) Multiplier sheets 
4) Resolver sheets 
5) Function generator sheets 
6) Recorder sheets 
7) Trunks and external connections 
8) Special circuit description 

Examples of these sheets are shown in Figures X-I, X-2, X-3, and X-4. 

Potentiometer assignments sheets normally contain: 

and 

1) the address of the individual potentiometers 
2) the parameter description or what parameters are 

represented by the potentiometer 

3) precalculated settings for both the static check and 
operating runs. 

Amplifier assignment sheets contain the address and feedback of the individual 
amplifiers, in addition to: 

and 

1) a description of the vaT'iables or functions appearing at the 
amplifier outputs. 

2) precalculated static check amplifier output voltages 

3) precalculated integrator check point or derivative voltages. 

If the feedbacK resistor of the check amplifier used to validate (3) is not 
explicit, it should be defined on the amplifier assignment sheet to prevent 
confusion. Since diode function generators are slope limited, prov~s~on 
is made on their set-up sheets for computing the slope of each segment and 
the change in slopesbetween segments. Frequently, the various segments of 
variable breakpoint DFG's will have different maximum slopes and tabulations 
of this type will aid in matching function slopes to their corresponding DFG 
segments. 

Now that the final diagram is available, the boards reserved for the problem can 
be patched. The diagram must show all informa.tion-necessary for patching, other­
wise it cannot be considered complete. 

Using a copy of the diagram, mark connections in red pencil or ink as they are 
patched, and proceed in a systematic way from one corner of the diagram to the 
other to minimize the chances of missing a connection. 

In the end, all connections should stand out in red. However, it is not 
easy to check on the basis of connections a.lone, since a short line from a pot 
to an amplifier easily can be overlooked. The best check is to go over all 
elements on the diagram and see if their inputs have been marked. This is 
necessary and sufficient. 
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In the same way, the patching itself can be double-checked. After the "inputs" 
check, the outputs of each element should be counted to make sure that no extra 
connections have been made. 

The larger the distance between two patching terminations, the greater the length 
that should be left in the connection. This leads to the following pattern 

which makes checking and modification easier later on. 

After patching has been completed, the underside of the patch panel should be 
checked to determine if all leads have been completely inserted into their patching 
terminat ions. 

F. Static Check Preparations 

The static check, which is illustrated in Chapter III, is a procedure ensuring 
that the problem set on the machine corresponds to the original equations. It 
shows up errors that may have occured in: 

1) derivation of scaled equations from original equations. 
2) computation of pot settings 
3) drawing of the computer diagram. 
4) patching. 
5) actual setting of potentiometers. 
6) opera.tion of machine elements. (blown fuses, wrong servo gain 

settings, defective amplifiers, etc ... ). 

Most problems are set-up in order to investigate solutions for different 
combinations of parameters, in which lies one of the main advantages of analog 
computation. For the purpose of checking, one set of parameters is selected. 
If sets with different degrees of complexity occur, (with one simple one implying 
that several coefficients are equal to zero), the set selected as basic for 
the check should be representative of the most complex case where all coefficients 
are different from zero. The choice of an arbitrary set of static check 
variables is guided by the following considerations: 

1) When compatible with the other requirements that follow, the 
check values should be chosen equal to the initial conditions 
for the first or basic run. 

2) The check values should give reasonable voltages after scaling, 
say from 10 to 90% of reference. 

3) Intermediate quantities which had to be scaled (the result of a 
division, for instance) must be within the scaling range. 
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4) No check values should be zero since parts of the circuit thus 
would not be checked at all. 

5) The voltages corresponding to the scaled values of the problem 
variables should all be different in magnitude to detect patching 
errors. 

6) Constant values for all external inputs (signal generators, etc.) 
should be chosen. 

7) In case of a dead-band simulation, the static check values 
should be chosen to fall outside of this dead-band. 

If no complex high-gain equations or other algebraic loops are present, the 
computation of check points is straightforward and should be carried out by 
means of a desk computer. Generally, four significant figures should be retained. 
This numerical work should be written clearly so that the values found for 
intermediate expressions and for the different terms in sums can be identified 
easily. Results should be entered on the amplifier assignment sheets. 

1. Computer Preparations -- Make sure that the proper units are inserted 
where required; also, connect pot-padder cables and calibrate recorders and 
plotters. 

Set-up all DFG's and pot-padders, using blank patch-panels. Remember that the 
output of a tapped pot should not be loaded during set-up since the load is 
already simulated by the load selector switch circuitry. 

After setting, record functions on a plotter, taking the input from a time base 
integrator. Note that during checking, tapped cups are loaded (by an amplifier 
input) as in the problem. Check the recorder curves and file them for 
reference. 

2. Operational Procedure -- The operational procedure to be followed, once 
the computer is checked out and solutions are available, should be detailed as 
far as possible before one moves to the computer. There should be a plan of 
campaign so that the data gathering period on the computer is as efficient as 
possible. This plan should include a run schedule with changes in potentiometer 
settings listed, the type of recording required, the expected results (if any) 
and any instructions needed in the operating period. 

This completes the preparation stage of the problem, and the patch panels now can 
be prepared for insertion into the computer. With this achieved, work may 
begin using the computer. 

3. Introduction of Patch-Panels The patch panels prepared for the problem 
now are inserted in all patch-bays, the machines are slaved and the PS (pot set) 
mode is selected. 

The problem log is now started. This is an extremely important part of the work. 
It should record, with the appropriate time, all events that may affect the 
results. For example, starting, ending and transition points in the program; 
changes to patching and diagrams; malfunctions; etc. 
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This record shoulQ be designed to organize and describe the status of a problem 
when it is removed from the computer, or is interrupted for more than a short 
time (e.g. overnight). Ideally, the problem could continue from the last run, 
with a list of potentiometer settings as read-out at the end of the period, a 
list of switch positions and special conditions, strip chart recordings of all 
important amplifier outputs, special functions, etc. 

If there are any overloads in the PS mode, they can appear in: 

1) high-gain amplifier circuits (this does not matter at this stage) 
2) circuits involving simple inverters without pot-set relays 

(if this is a consequence of (1), it does not matter) 
3) faulty amplifiers (this should be investigated, and if the ca.use 

of the troub Ie is not in the patching,a grounded output terminal, 
for instance, the amplifier should be replaced) 

4. Potentiometer Setting The pots are set according to the pot sheets. 
Recall that: 

and 

1) for pots in cascade, the innermost pot must be set first for correct 
loading 

2) pots loaded by servo cups should be set for a 70% attenuation 
setting of the servo 

3) pots loaded via function switches must be set with the load switched on 
4) pots loaded via comparator relay contact must be set with the load 

switched on 
5) pots patched to the open end of the feedback resistor of high-gain 

amplifiers require special handling: the grid of the amplifier 
must be temporarily grounded during the setting since the pot set 
relay does not affect the FB resistor 

6) pots loaded by diode circuits are set by considering the operation 
and ultimate output of the circuit. 

5. Check of Special Circuits -- Special circuits, such as diode and relay 
circuits, can be checked at this stage by patching their input terminals to 
appropriate signal generators or to pots set by hand and then observing and 
recording the output signals. It is necessary to switch the machines to the 
IC (RESET) mode or to the OPERATE mode to accomplish this. The overloads that 
occur during the test in components other than the circuits being checked are 
immaterial. After correction of errors, if any, and completion of the check, 
restore the original patching as required for the problem. 

G. Static Check Debugging 

When patching-modifications necessary for the static check have been made, as in 
the case of breaking an algebraic loop, record all modifications in the problem 
log. This will result generally in a number of amplifier and servo overloads. 
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It is best to start looking at points following the parts of the circuit 
containing the overloaded elements to find out Why they are overloading. 
In this way, a number of gross errors will be discovered and eliminated. 
It may be necessary to introduce small feedback capacitors on critical 
high-gain amplifiers and algebraic loops. This will become apparent 
immediately. When there are no further overloads evident, the static check 
can be carried out in the usual manner. If everything checks, the static de­
bugging is terminated. The output of all integrators should be measured to 
check (against the tabulation) that the static check values actually have 
been imposed. Then, the check-points or derivatives are measured and compared 
to the tabulation. More often than not, a number of gross disagreements between 
measured and calculated derivatives will be found and the real static check 
work then begins. 

The general idea is to start by checking end results, and to work backwards 
in the signal flow until the error is detected. This reduces the debugging 
time because: 

1) If end results check, the inputs need not be investigated 
(though this is recommended if a detailed study of small 
errors is intended). 

2) If one works forward in the direction of signal flow, all 
accessible points will have to be measured and compared 
with precalculated values even if no errors are present. 

When an integrator has a wrong derivative, the inputs of this integrator are 
measured separately (in general, they will be pot wipers), noted down and 
multiplied by appropriate input gains as given in the circuit diagram. 

Using the static check calculation,the individual terms corresponding to these 
inputs are identified and scaled. A term by term comparison then can be 
carried out between the statically computed values and the measured values. 
This will lead to detection of the cause of the discrepancy and error. 

If one or more of the derivative inputs does not check: 

1) The pot is not connected to the right signal; check the patching. 
2) If the patching is correct, either the pot setting calculation, 

the actual pot setting or the static check calculation is wrong. 
Find out Which is the cause by referring to the scaled equations and 
pot sheets. 

3) The pot is defective (input shorted, blown fuse, etc.). 

In any case, take corrective action and make the proper modifications in the 
computer diagram, pot sheets, amplifier sheets or static check calculations. 

If the signal that should be coupled to the pot does not check, do not consider 
the pot until this signal has been made to check. In order to find the origin 
of the error, work gradually, opposite to the direction of signal flow, always 
comparing with static check calculations and keeping in mind that the latter 
often may contain errors and must not be taken for granted. 

-270-



When an error has been found and corrected, go back to the derivative term 
under investigation and see if it checks. If it does not, another error is 
located somewhere between the integrator input terminal and the point where 
corrective action was taken. Work opposite to the direction of signal flow, 
again starting from the input terminal of the integrator until this error has 
been found and corrected, and so on. 

Finally, the voltage supplying the pot will be correct and, if the wiper 
voltage still does not check, we must return to the previous case. 

If all individual input terms check but not the derivative, start by checking 
the addition in the static check calculation. If this is correct, then; 

1) One or more pot output terminals are patched to the wrong amplifiers 
or are not patched to anything. 

2) A pot is patched to the right amplifier but to a wrong input 
terminal (gain). 

3) The pots are patched correctly but a network input resistor is 
defective. 

4) A faulty patchcord is used in the input connection. 

Check the patching to find out which is the case. 

If the patching is correct the trouble will be caused by a defective resistor 
unless the derivative (summing junction current) measuring system is not 
functioning properly. To check this, patch the summing junction (SJ) to the 
grid of another amplifier with resistive feedback, and measure the output of 
this amplifier. If the output is not correct and is the same as the value 
measured previously, an input resistor is defective. Such defects in equipment 
resistors and measuring circuits are very rare, and have been considered here 
only in order to cover all possibilities. 

1. Implicit Algebra If high gain amplifiers and/or algebraic loops are 
used (and turn out to be stable or capable of being stabilized), the calcula.tion 
of the static check may prove difficult. The machine then is, in fact, doing 
in the static state something which may be quite lengthy to do by hand 
computation such as: solving a system of 3 or more simultaneous linear equations, 
solving a system of 2 simultaneous equations of the third degree in 2 variables, etc. 

Apart from the difficulty in doing the check calculation, difficulty will be 
experienced in carrying out the debugging. In the static check condition, 
integrators are static. The main computing loops thus are open, and it is 
convenient to work backwards against the direction of the signal flow to 
identify the sources of error. When algebraic loops are present, all the 
variables in them (and they may be numerous) react on each other. If a single 
error exists, all these variables will be incorrect and it is difficult to 
identify the exact cause of the error. 
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If the loops are simple and each one involves only 2 or 3 variables, a little 
logic and some calculations based on the actual, false outcome of the loop will 
detect the error. 

If the loops are more complex, one may find serious difficulty in detecting 
an error. In such a case, an alternative approach is preferable, as described 
below. 

For high-gain equations, convert the high-gain amplifier to an integrator for 
the static check. This means that the algebraic relation will not be satisfied 
in the static check mode, the idea being to have a large error and to check the 
measured error signal at the input of the temporary integrator against the 
computed value of this error. This procedure has the advantage of breaking the 
loops so that the debugging can proceed in the same systematic way as for 
derivatives. 

If a high gain or summing amplifier should have a value imposed on its output 
during the static check, but it cannot be replaced by an integrator, it should 
be transformed into an inverter fed by reference voltage through a potentiometer. 
Its normal inputs are fed to a check amplifier which effectively reduces the 
original amplifier to an integrator circuit in the IC mode. 

After these checks, it is vitally important that the amplifiers are turned back 
into high-gain amplifiers. It is worthwhile to identify patching changes 
temporarily with labels or pieces of colored tape. 

H. Completeness of the Static Check 

The static check is the most complete check that can be done quickly and without 
major patching changes. The latter point is very important. Any check which 
necessitates important patching changes to restore the problem conditions after 
the check conditions introduces the very serious dangffof an error in these 
patching changes, an error that cannot be detected. 

The limitations of the static check are: 

1) The operation of integrators is not checked (value of capacitor, 
drift). This requires a rate test which will sho\., whether integrator 
bottle plugs have been forgotten or incorrectly inserted. 

2) The hold relay operation is not checked. However, it establishes a 
contact between summing junction and amplifier grid in the OPERATE 
mode which can be checked only by actually putting the computer into 
the Operate mode. This is done best with a different patch-panel, 
as a regular routine test. If the contact does not close, the 
integrator output will stay in its initial condition a fact that is 
easy to detect on recordings. 
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3) The static check is made effectively at only one point which is 
conclusive for linear elements, electronic multipliers and untapped 
servos. It is not entirely conclusive for servo cups operating in 
the "normal" mode with the center tap grounded. When a servo is 
used with a grounded center-tap (normal connection), and one end 
is not receiving its correct input voltage (due, for instance, to 
the omission of a patchcord), the unit will work properly if the 
wiper stands between the center tap and the other end, assuming 
it to be correctly patched. The error can, therefore, only be 
detected if the static check values happen to be chosen so that 
the wiper stays in the "wrong" half of the cup. This possibility 
should always be kept in mind and if there is any doubt, it is 
recommended that the sign of an appropriate initial condition 
be changed temporarily so that the wiper moves to the other section. 
The output value can be measured and compared to a computed value. 
It is not necessary to repeat the whole static check with this 
new initial condition. To prevent any errors due to oversight or 
omission, the sign of the initial condition should be restored to the 
original va.lue immediately after the test. Similar remarks apply 
to the sine-cosine cups of resolvers. 

I. Dynamic Check 

Dynamic debugging is action taken between actual computer runs in order to correct 
or improve the set-up. It deals mainly with scaling accuracy, noise and 
stability. As far as scale factors are concerned, the overload alarm will warn 
about excessive voltages (ar rates of change of voltage on servos), which may 
necessitate a change in scale factors. 

It is just as important, particularly in non-linear problems, to make sure that 
all voltages are sufficiently large, especially multiplier inputs and divisors 
(for division). With servo-multipliers, this can be checked by watching the dials. 

Non-linear algebraic loops may become unstable for certain input_values reached 
during runs, while being stable for the static check values. Stabilizing action 
(small feedback capacitors or changes in set-up) must be taken. 

Inaccuracies, such as non-repeatability or non-conservation of energy, matter, etc., 
can be reduced by: 

1) better scaling 
2) more accurate non-linear computing elements 
3) better arrangement of non-linear circuits 
4) suppression of redundancy 

Non-repeatability may be due to the fact that one has an unstable solution or 
one on the borderline of instability. In such cases, an error of 10-4 in a pot 
setting may result in a 100% solution error as a consequence. Such a phenomenon 
is not considered as an error since the same dispersion (and often a larger one) 
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would be experienced if the real system were tested under the same conditions. 

A dynamic check, which is part of the normal check-out routine, is easily 
implemented to determine if the dynamics of any of the computing components 
are being exceeded. This check consists of comparing the results of a typical 
run to those obtained from the same run with an increased time scale factor. 
If no dynamic problems exist, the results will be identical. If they are not 
identical, the time scale factors should be increased until agreement is obtained 
between two sets of results. Computer results should be checked against: 

1) analytical solutions 
2) experimental data 
3) digital computer results whenever possible. 

J. Production 

Now that the problem is operational, results may be obtained. During this period 
it is suggested that: 

1) All actions and observations be recorded in the problem log. 
2) All results be identified by run number and properly labeled. 
3) If the problem is left for any period of time (several hours, 

over night, etc.), the last run prior to shut-down should be 
repeated for check purposes. 

4) At the end of the computer solution period, a brief review of 
important items should be written immediately, giving a brief 
history of the operation, the degree of success, and indicating 
any future plans. 

K. Connnents 

It will be realized from these notes that the solution of problems by computer 
methods requires an organized approach. This is particularly true for problems 
requiring large numbers of computing units with many opportunities for errors. 
Human error is most usually the cause of breakdowns in problem solution on a 
computer. Rarely does the fault lie in the machine. 

If by organization and correct recording of steps taken, these errors can be 
eliminated, reduced or even quickly corrected, then the extra time required 
to organize one's methods will result in an over-all saving of time and 
certainly a reduction in the number of frustrating doubts that can arise in a 
poorly prepared computer solution. 
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PROBLEM ____________________________ ___ 

PRO GR AMM E R ________________________ _ 

EAI 8800 SCIENTIFIC COMPUTING SYSTEM 

AMPLIFIER ASSIGNMENT 
SHEET 

------

AMP CAP INV/MULl AMP rAP INV/MULT 
----1 SEL VARIABLE DERIV OUTPUT ~ VARIABLE OUTPUT SEL VARIABLE DERIV OUTPUT I---VARIABLE OUTPUT 
MODE MODE MODE MODE 

AOOO A004 AOIO AOl4 
t--- - - -
AOOI M004 AOII MOl4 
r-- - -

A002 AI04 AOl2 Al14 
f--- - - I---

A003 MI04 AOl3 Ml14 
t--- - -
A200 A204 A210 A214 - r----- -

A201 M204 A211 M214 
r--- - - -

A202 A304 A212 A314 
i----- - -

A203 M304 A213 M314 
~ - i--- -

A400 A404 A410 A414 - - i--- I---

A401 M404 A411 M414 
I--- - r--- I---

A402 A504 A412 A514 
r--- r--- r--- -

A403 M504 A413 M514 
f--- I--- I--- -

AMP VARIABLE I 
S J 

A510 IA511 I IA512 I A513 I INVERTER 
MODE OUTPUT I I I I I I 
A600 A604 A610 A614 
f--- - ,..---- -

A601 M604 A611 M614 
r--- f--- f--- ~ 

A602 A704 A612 A714 
I--- r--- r--- r---

A603 M704 A613 ~ f--- f--- I---

A800 R800 R900 A810 R810 R910 
I---

R801 R901 R811 R911 

A801 R802 R902 A811 R812 R912 

R803 R903 R813 R913 

A802 R804 M800 A812 R814 M810 
f---

R805 M801 R815 M811 

I
A803 R806 M802 A813 R816 M812 

R807 M803 R817 M813 

AMP TIS RESOLVER I FC IPRI PR2 RPIRA AMP TIS RESOLVER I FC IPRI PR2 RP IRA 
~ CAP VARIABLE OUTPUT 

MOD E ICRP'ICJ'RI CPR2 CRPlcRA CAF VARIABLE OUTPUT 
MODEjcRP'lCPR' CPR2 CRPICRA MODE MODE 

PROJECT NO. 

CONSOLE _______ DATE ___ _ 

AMP CAP tN/MULl 

SEL VARIABLE DERIV OUTPUT t--- VARIABLE OUTPUT 
MODE MODE 

A020 ~ f---

A021 M024 
i--- -

A022 Al24 
f--- -
A023 Ml24 
i--- ~ 

A220 A224 
i---

A221 M224 - r---

A222 A324 -

A223 M324 
~ -
A420 A424 
r--- -

A421 M424 
f--- r---

A422 A524 
r--- I---

~423 M524 
r--- 1---

A 520 IA521 I IA522 I 1A523 

I I I I I 
A620 A624 
r--- -
A621 M624 
~ -

A622 A724 
- r---

A623 M724 - I---

A820 R820 R920 

R821 R921 

A821 R822 R922 

R823 R923 

A822 R824 M820 

R825 M821 

A823 R826 M822 

R827 M823 

AMP TIS RESOLVER I FC I PRllpR2 RP I RA 
CAF VARIABLE OUTPUT 

MODE ICRP'ICPRIICPR2 CRPICRI MODE 

MI215A 
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PROBLEM ____________________________ ___ 

PRO GR AMM ER __________________________ _ 

AMP CAP 

MODE SEL 

A030 

A031 

A032 

A033 

A230 

A231 

A232 

A233 

A430 

A431 

A432 

A433 

A530 

A630 

A631 

A632 

A633 

A830 

A831 

A832 

A833 

AMP TIS 
MODECAF 

VARIABLE 

A531 

VARIABLE 

DERIV 
INV!MULT AMP CAP 

OUTPUT MODE VARIABLE OUTPUT MODE SEL 

A532 

A034 -

M034 -

AI34 
I-

MI34 
I---

A234 
I---

M234 
I-

A334 
I---

M334 
I---

A434 
I-

M434 
I---

A534 
I---

M534 
r--

A634 -

M634 
i---

A734 
r--

M734 
I---

R830 
R831 
R832 
R833 
R834 
R835 
R836 
R837 

A533 

A040 

A041 

A042 

A043 

A240 

A241 

A242 

A243 

A440 

A441 

A442 

A443 

A540 

A640 

A641 

A642 

A643 

R930 A840 
R931 
R932 A841 
R933 
M830 AB42 
MB31 
M832 AB43 
M833 

RESOLVER I FC PRI PR2 RP I RA AMP TIS 
OUTPUT ,r 

MODE ICRP' CPRI~ICRPICRA MODE CAr 

EAI 8800 SCIENTIFIC COMPUTING SYSTEM 

AMPLIFIER ASSIGNMENT 
SHEET 

(COLUMNS 3, 4 AND 5) 

VARIABLE DERIV 
INV/MULT AMP leAP 

OUTPUT 'MODE VARIABLE OUTPUT MODE ISEl 

A541 A542 

VARIABLE 

A044 
I---

M044 
f---

AI44 -

MI44 -

M244 
:----

A344 -

M344 
I---

A444 
r---

M444 
I---

A544 
I---

M544 
r--

A644 
r---

M644 
r---

A744 
r---

M744 

R840 
R841 
R842 
R843 
R844 
R845 
R846 
R847 

A050 -

A052 -

A053 -

A250 -

A251 -

A252 
~ 

A253 -

A450 -

A451 -

A452 
'---

A453 
I-

A543 A550 

A650 
I---

A651 
I---

A652 
r---

A653 -

R940 A850 
R941 
R942 AS51 
R943 
M840 A852 
M841 
M842 A853 
M843 
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PROJECT NO. 

CONSOLE _______ DATE ___ _ 

NV/MULT 
VARIABLE DERIV OUTPUT VARIABLE OUTPUT 

MODE 

AI54 
I---

MI54 
I---

A254 
I---

M254 
I---

A354 
I---

M354 -

A454 
-

M454 -

A554 -

M554 -

A551 A552 A553 

A654 -

M654 -

A754 
-

M754 -
R850 R950 
R851 R951 
R852 R952 
R853 R953 
R854 M850 
R855 M851 
R856 MB52 
R857 M853 

VARIABLE 

MI215B 



PROBLEM ______________________ __ 

PROGRAMMER ____________________ _ 

POT ~,~ .--~ POT 'nA~~~ ...... I~ wt:.t I ''''''-I'~T VALUE VALUE ,. .". ... _ I t:J" 1--... · , .... , ..... ~I 
1000 010 

1001 10 
002 012 

003 013 

00 110 

101 III 
102 

103 113 

20e 210 
,201 1211 
202 1212 

20~ 213 

!300 1310 

301 311 

'302 312 

1303 1313 

400 410 

401 411 

402 412 

1403 4 

:500 510 

501 

~2 512 
1503 1513 

600 610 

II 6 

1602 612 

1603 613 

700 1710 

711 

702 712 

703 17~ 
180e 810 

801 811 

802 812 

1803 _8~ 
900 19 

1901 911 

1902 912 

1903 913 

EAI 8800 SCIENTIFIC COMPUTING SYSTEM 

PDTENTIDMETER ASSIGNMENT 
SHEET 

POT '~~.:::TER VALLE i\"Vt:.ttll..l~ I POT In:"~""",,, I ttc VALUE \"vt.ttII..IENT 

020 1030 
021 03 

022 032 

023 033 

120 130 

121 1131 
122 132 

123 1133 

220 230 
221 231 

12 1232 

223 233 

1320 1330 

321 331 

322 332 

1323 1333 

420 430 

421 431 

422 432 

423 433 

520 530 

5 5 

522 532 
523 533 

[620 630 
'6 631 

622 632 

:623 633 

720 730 

1721 17 
722 732 

1723 1733 

820 830 

821 18 I 

822 832 

823 ~33 

920 930 
921 931 

922 1932 

923 19 ~3 

PROJECT NO. ________________ __ 

CONSOLE ______ DATE __ _ 

POT I .... ~ .... .:.:.~~TER VALUE Il,;Ut:t't'll..lt.I'tIl POT '~ .• ~ ... _II:;I"I VALUE 1""""-" ._._.~I 

1040 1050 
041 051 

042 052 

043 053 

140 150 

141 151 

142 152 

143 153 

240 1250 
241 251 

12 f2 1252 

243 253 

1340 350 

1341 351 

342 352 

134~ 1353 

144c 450 

441 451 

442 452 

443 145: 

540 550 

541 551 

542 552 
543 1553 

640 650 

641 651 

642 i652 
,643 653 

1740 750 

741 751 

1742 752 
1743 1753 

840 850 

841 851 

842 852 

1843 1853 

1940 950 

941 951 

1942 952 

943 953 
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PROBLEM 

PROGRAMMER _____________ _ 

VARIABLE + VAIIIABLE + 
L 000 L 010 L 020 
C 000 

INPUT INPUT OUTPUT 
C 010 '""'U' INpUT OUTPUT 

C 020 
DA 002 

INPUT OU'TPVT CONTROL DA 012 
II'If'UT OU'TPVT CONTROL DA 022 

DA 003 DA 013 DA 023 
FS 001 

L I C R I A FS 011 
L 

I 
C R 

I 
.. 

FS 021 
FR 004 FR 014 FR 024 
F 204 

TVPE VARIABLE VAWE F 214 
TYPE VARIABLE VAWE F 224 

F 304 F 314 F 324 
L 200 VARIABLE + - L 210 

VARIABLE .. - L 220 
C 200· C 210 C 220 

FR 2(}:l FR 214 FR 224 

L 400 
VARIABLE .. - L 410 

VAIIIABLE .. 
L 420 

C 4001 
INPUT INPUT OUTPUT 

C 410 
INPUT INp JT OUTpUT 

C 420. 
DA 402 I"'UT OU'TPVT CONTROL DA 412 

INPUT OUTPUT CONTIIOL DA 422 
DA 403 DA 413 DA 423 
FS 401 

L I C R I .. FS Llil L I C R 

I 
A FS 421 ' 

FR 404 FR 414 FR 424 
F 604 TYPE VARIABLE VAlUE F 614 TV ... t. "AHIABLt. VAWt F 624 
F 70Ll F 714 F 72L1 

-
L 600 VARIABLE + - L 610 VARIABLE + - L 62C 
C 600 C 610 C 620 

FR 604 FR 614 FR 624 

L 800 
VARIABLE + 

L 810 
VARlA8L£ .. 

L 820 
800 '""'U' INf>UT OUTPUT INPUT INPUT OUTPUT 

C C 810 ... C 820 
DA 802 

I ... U1 UUTPIJT CONTROL 

DA 812 
INPUT OUTPUT CONTROL 

DA 822 
DA 803 DA 813 DA 823 
FS 801 L I C I R I .. FS 811 L I C R I A FS 821 

EAI 8800 SCIENTIFIC COMPUTING SYSTEM 

VARlA8L£ 

INPUT 

INPUT 

L I 
TY"E 

VAlUABLE 

VARIABLE 

INPUT 

INPUT 

L I 
TYPE 

VARIABLE 

VARlA8L£ 

INPUT 

INPUT 

L 

I 

NDN-LINEAR 
SET-UP SHEET 

.. VAIIIA8L£ 

L 030 
INPUT OUTPUT 

C 030 
INPUT 

OUTPUT CONTROL DA 032 
INPUT 

DA 032 
C R I A FS 031 

L I 
FR 034 

VARIABLE VAlUE F 234 TV"! 

F 334 
+ - L 230 

VARIABLE 

C 230 
-

FR 234 
F 434 TVPE 

F 534 
+ - L 430 VARIABLE 

INPUT OUTPUT 
C 430 INPUT 

0UTPl1T CONTROL 

C R I A 

FR 43~ 
VARIABLE VAlUE F 634 TVPE 

F 734 
+ - L 6301 V""IABLE 

C 630 

FR 634 

.. 
L 830 

VARIABLE 

INP'JT OUTPUT I" ... U, 

C 830 - --,---. 
OUTPUT CONTROL DA 832 

INPUT 

DA 833 
C I R I A FS 831 L I 

278 

.. 
INPUT 

OUTPUT 

C 

VARIABLE 

+ 

VARIABLE 

+ 

INPUT 

VARIABLE 

+ 

+ 

I Nf>UT 

OUTPUT 

C 

L 
OUTPUT 

C 
CONTROL DA 

DA 
R I A FS 

FR 
VAlUE F 

F 
- L 

C 

FR 
VAlUE F 

F 
- L 

OUTPUT C 

FR 
VALUE F 

F 
- L 

C 

FR 

L 
OUTPUT 

C 
CONTROL DA 

DA 
R I A FS 

PROJECT NO. 

CONSOLE 
_ ______ DATE ___ _ 

VARlA8L£ .. VARlA8L£ + 
040 L 050 
040 

INPUT INPUT OUTPUT 
C 050 

INPUT INPUT OUTPUT 

042 
I ... UT OUTPUT CONTROL DA 052 

I ... IJT OUTPVT CONTROL 

043 DA 053 

041 
L 

I 
C R I .. 

FS 051 
L I C R I A 

044 FR 054 

244 
TVPE VARIABLE VAWE F 254 

TYP! VARIABLE VAWE 

344 F 354 
240 VARIABLE + - L 250 

VARIABLE + 

240 C 250 

244 : FR 254 
444 TYPE vARIABLE VAWE F 454 TYPE VARIABLE VAWE 

544 F 554 
440 VARIABLE + - L 450 VARIABLE + 

440 INPUT INPUT OUTPUT C 450 INPUT INPUT oUTPUT 

444 FR 454 
644 TYPE VARIABLE VALUE F 654 TYPE vARIABLE VAlUE 

744 F 754 

640 VARIABLE + - L 650 VARIABLE + -
640 C 650 

644 FR 654 

84C 
VARIABLE + 

L 850 
VARIABLE .. 

84C 
INPUT INPUT OUTPU1 

850 
INPU INf>'J' uU'f>U 

C 
INPUT INPUT OUTPUT CONTROL 

842 
OUTPUT CONTROL 

DA 852 
843 DA 853 
841 L I C R I A FS 851 L I C I R I A 

MI2150 



CHAPTER XI 

ANALOG COMPUTER SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS 

A. Introduction 

In formulating mathematical descriptions of physical systems, one 
must be aware of the fact that all physical phenomena actually are 
described by partial differential equations, and that ordinary differ­
ential equations are only approximations. Therefore, one is confronted 
with the task of mechanizing one or more partial differential equations 

. on the analog computer. The purpose of this chapter is to indicate 
how the analog computer solutions of these distributed parameter 
systems are obtained. Although there are several methods of simula­
ting distributed parameter systems, we will restrict ourselves to 
"eigenvalue" and lumped parameter model methods since they are most 
frequently used in practice. 

A tabulation of selected, linear partial differential equations and t2e 
physical phenomena they describe are contained in Table XI-I. The \7 
notation, which is common practice in the literature (1) (2), is a linear 
combination of space derivatives. 

TABLE XI - I SELECTED LINEAR PARTIAL DIFFERENTIAL EQUATIONS 

NAME 

Laplace's Equation 

Diffusion Equation 

Wave Equation 

Poisson's Equation 

Transport Equation 

Transverse Motion 
Equation 

B. Eigenvalue Method 

EQUATION 

2 
\l y = e 

o...,Y + vO...,Y = a 
a t a x 

--1 ~ IE I cfyl + o2y 
pA dx2 L a x~ a t 

PHYSICAL PHENOMENA 

Steady-State Diffusion 

Transient Diffusion 

Wave Motion 

Diffusion From A Source 

Delay Due to Fluid Motion 

a Transverse Vibrations In A Rod 

The eigenvalue method is related directly to the analytical "separation of 
variables" technique which is used to solve linear partial differential 
equations. To illustrate this technique, consider heat transfer in an insu­
lated bar as shown in Figure XI-I, and described by the one-dimensional diffusion 
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equation 

where 

T 
k 

P 
C 
t 
x 

= 

= 
= 

= 

temperature 
thermal conductivity 
density 
specific heat 
time 
length variable (0 ~ x ~ L) 

(1) 

If it is assumed that the solution is the product of a function of length 
and a function of time 

T(x,t) = X(x)e (t) ( 2) 

Equation (1) can be reduced to two ordinary differential equations 

2 
a X = 0 ( 3) 

and 

( 4) 

where a and X(x) are known as the eigenvalue and eigenfunction respectively. 

T(o,t)=O T(L,t)=O 

X=O X=L 

Figure XI-I: Insulated Bar With Fixed End Temperatures 

A general solution to equation (l)is obtained by combining the solutions 
of equations (3) and (4 )*. This resultant solution contains constants of inte­
gration, and eigenvalues or frequencies which are evaluated by subjecting 
the solution to the boundary values and initial conditions of the system. 
The result of this evaluation yields a mu1tiva1ued eigenvalue 

La = n ~ n = 1, 2, 3, 4 ---n , (5) 

since there are an infinite number of eigenvalues and eigenfunctions that 

X(x) = (AI Sin ax + B' Cos ax), B(t) -

(C I e -a2t ). 

2 
f.CI",-a t), () ( ) ~ ~ therefore, T x, t = A Sin ax + B Cos ax 
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satisfy the zero temperature boundary conditions at the ends of the bar. 
Therefore, the solution to equation(l)is the sum of all possible solutions 

n==oo 

T(x, t) ::; LA X B 
n=l n n n 

where A is an amplitude coefficient. n 

(6) 

The actual mechanics of obtaining the solution to this problem will be 
omitted; however, they are readily available in the literature (2) (3). 
The solution to this problem is: 

n ::; 00 

T(x,t) ::; TI L 
n ::; 1 

which is representative of the form of analytical solutions obtained for 
partial differential equations. Fortunately, these series converge rapidly 
and only the first few terms are required for reasonable accuracy. 

Since the analog computer can integrate continuously with respect to only one 
independent variable, it can not solve equation(l) in its original form. 
However, it can be used to solve the eigenfunction equation, equation 0), to 
obtain the correct eigenfunctions and their corresponding eigenvalues. 
These results are obtained readily using the circuit shown in Figure XI-2, 
with high-speed repetitive operation which reduces the time required for the 
trial and error solution to a few minutes. The objective of the simulation 
is to determine the eigenvalues which will produce eigenfunctions that are 
zero at both ends of the bar. The number of eigenfunctions required for a 
given problem depends on the convergence of its series solution. 

The amplitude coefficients, A , also can be determined on the analog computer 
n 

for their associated eigenfunctions (5). Therefore, the first few terms 
of a series solution can be determined if time is held constant. Typical 
results are a family of curves, such as temperature versus bar length at 
fixed values of time. 

This method of solution is used generally when the normal modes (eigen­
functions) of a system are required. A typical example is seen in the deter­
mination of wing-flutter, a problem familiar to the aircraft industry. The 
main drawback of this method is that it is restricted to linear systems; 
therefore, a more general approach to the analog computer solution of partial 
differential equations is desirable. 
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x 

~~----------~~------------~~------------~~-----. x 

~
Qn n 

1T 1 

31T 2 

+1 

-x x 

-x 

-I ----tOI---' [> __ x _ 

Figure XI-2: Computer Solution by Eigenvalue Method 
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c. Lumped Parameter Model 

To illustrate this method of solution, assume a metal bar is divided 
into a finite number of equal sections, n as shown below. Restricting 
our interest to two adjacent sections and to small 

Tn-I Tn 

n-I n 

Tn+ I 

ntl 

n l:lx =x 
n l:lx = L 

values of ~x, the heat transferred into and out of the shaded area can be 
approximated by the familiar, steady-state heat transfer equation 

to obtain 

and 

k A ~T q = Rate of Heat Transfer = ~~~ 
fj,x 

kA [T - T ) q = - n n-l out ~x 

where A is the cross section area of the bar. 

(8) 

(9) 

( 10) 

From energy balance considerations, the energy gain of the shaded, 6X, section is 

(A fj,x p) C dTn = q - q = kA (T - T J - 10 [T - T ] dt in out fj,x n+l n 6 x n n-l (il) 

Similar equations can be obtained for all values of n. Thus, rather than 
by the original partial differential equations, the system is now repre­
sented by a set of ordinary differential equations. This set of equations 
must be solved simultaneously or in "parallel" to simulate the system. The 
computer solution of this problem for a bar divided into five equal sections 
is shown in Figure XI-3. The initial temperature of the bar, T

I
, and its 

zero and end temperatures are mechanized easily on the computer. 

There is no need to perform an analysis of the physical system to convert a 
partial differential equation into a set of ordinary differential equations. 
The same results could have been obtained directly by finite difference 
approximations which areiobtained from manipulation of the Taylor Series 

~ ~ 
(x - x ) (onT~ (x - x )n 

T( x t) = T(x t) + _. 0 + ______ + - • 0 
, 0' 0 1 ! 0 n n : 

:x x ~xo 
o 

(12) 
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System 

Circuit Diagram 

TO 
I 
I 
I 
I 
I 
I 
I 
I 

1..=0 

TO __ --f 

TI 
I 
I 
I 
I 

p x 

T3 
J 
J 
f 
J 
J 
I 

Cp(/:).x) 2 

Cp(~X)2 

T4 
I 
I 
I 
I 
I 
I 

x=L 

~x = .!:-. 
5 

TO = T5 = 0 

Figure XI-3: Illustration Of Parallel Computer Solution 
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For example, since 

-,2 2 
T(x + b,x,t) = T(x,t) +(0..1.) b,x +(.:...1:) (Ax) + -__________ _ 

a x d x2 2 
(13) 

and 

T(x - DX, ( d T ) ( ifT ) ( [,x) 
2 

t) = T ( x, t) -\ o~ b,x + Ox 2 2 + ------------ ( 14) 

their sum represents an approximation for a second derivative 

T(x + l}x,t) 2 T(x,t) + T(x - l}x,t) (15) 

which could have been used directly in the previous example. The higher 
order terms in equation~3)and(14)produce an error in the resultant finite 
difference approximation, equation(15~ 

This error, which is difficult to define in convenient form, normally is 
represented by its initial term which serves as an accuracy guide. For 
example, consider the elementary finite difference approximations and their 
initial error terms listed in Table XI-II. The middle difference approxi­
mation for a first derivative is more accurate than the backward and forward 
first derivative approximations. This can be verified by representing the 
slope of a curve at a given point by two adjacent points compared to one 
adjacent point. 

Fortunately, most partial differential equations can be simulated by a 
relatively small set of ordinary differential equations. This is illustrated 
by Table X -III which tabulates the decay constantt error introduced to the 
first three terms (modes) of the analytical series solution (by the finite 
difference approximation of the diffusion equation). These errors are 
small compared to the error usually encountered in parametric data, and 
equal to or less than the errors obtained from digital solutions of the same 
equation. The analog computer errors may be greatly improved by using higher 
order finite difference approximations and other simple techniques, which 
are discussed in the literature (4) (7). 

t Reciprocal Of The Time Constant 
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Table XI-II, Finite Difference Approximations 

Approximations First Error Term 

First Derivatives 

Forward Difference 

Q..I ~ T(x + l}x,t) - T(x,t) 
OX t;.,x 

Backward Difference 

o T ~ T ( x , t) - T e x- Ax, t) 
a x b.x 

Middle Difference 

aT = T(x + 6x,t) - Tex - t:>x,t) 
a x 2 b.x 

2 3 
_ (Ax) (U)+ ___ _ 

3! 0 x 3 

Second Derivatives 

Tex+ t:>x,t) - 2T(x,t) + T(x- 6x,t) 

(b.x) 2 

Table XI-III Decay Constant Error Versus Number of Sections (7) 

Percent Error 

Number of Sections 1st Mode 2nd Mode 3rd Mode 

5 -0.8 -7.0 -20.0 

8 -0.3 -3.0 -8.0 

10 -0.2 -2.0 -5.0 
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Although an increase in the number of equations (or divisions in the physical 
system) reduces the error of the finite difference approximations, the compu­
ter solutions approach their analytical solutions asymptotically. There­
fore, the practical number of equations required is relatively low, and 
additional equations only contribute computer component errors to their 
analog computer solutions. It is significant also that this method is not 
restricted by stability and convergence criteria which are commonplace in 
the digital solution of partial differential equations. 

D. Sunnnary 

This chapter, which is by no means complete, is intended to be a brief 
introduction to the methods used to solve partial differential equations on 
the analog computer. Its purpose is to assure the reader that the modern, 
electronic analog computer can and has simulated distributed-parameter 
systems since its inception in the early 1950's. Therefore, additional 
information on this topic is readily available in the open literature (4) (5) 
(6) (7). 
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CHAPTER XII 

ACCURACY OF ANALOG COMPUTER SOLUTIONS 

A. Introduction 

The general techniques of evaluating errors which occur in analog computer 
solutions are referred to by the broad term "error theory ". Although quite 
a bit of effort has been applied to the study of error theory, the results have 
not been encouraging. This is b.ecause the problem of determining the errors 
arising in any analog computer study is usually long and involved depending on 
the particular study being considered, and is,by its very nature, statistical. 

An appreciation of the task of evaluating the total error in an analog computer 
solution is best obtained by considering first all the possible sources of 
error as well as by defining exactly what constitutes an error. For our 
purposes, an error will be defined as the difference between a computed or 
estimated result, and the actual value. The sources of computer error are 
indicated in Figure XII-l which indicates two paths one may take to obtain 
results from an existing physical system. 

For discussion purposes, the analog computer simulation of a physical system 
may be subdivided into three stages: 

1) mathematical model 
2) computer programming 
3) computer mechanization 

As a problem passes through each of these stages, errors arise which effect the 
overall accuracy of the results obtained. Our objective here is to discuss 
these stages in turn, and to indicate the sources of errors. 

B. Errors in Mathematical Models 

When a system is to be analyzed for the express purpose of deriving a 
mathematical model, simplifying assumptions are made as to its geometry and 
physical behavior. Typical examples are the assumption of 

1) spherical particles to represent irregular solids in a packed bed 
2) coplanar forces in a simple pendulum 
3) perfect mixing of a fluid 
4) infinite and semi-infinite geometry 

Although the results obtained from the solutions based on simplified 
representations of a system are adequate, one must be aware that an error 
exists. The assumed physical system which is used to describe significant 
physical phenomena occuring in the actual system does differ from the actual 
physical system. 
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Although a rigorous mathematical model may be derived for the simplified 
physical system, simplifications will often be made in practice. Examples 
of this inc lude 

1) using steady-state equations for relatively small time-constant 
equations 

2) neglecting minor physical phenomena, such as heat transferred 
through an insula.ted wall 

3) considering physical properties of substances independent of the 
state of the system (i.e., temperature and pressure) 

Hathematical models containing these simplifications, therefore, have a compound 
error 

1) they are based on a simplified physical model of the system 
2) they are reduced in completeness by certain assumptions used to 

reduce their complexity. 

C. Computer Progrannning and Hechanization Errors 

1. 

Prior to 
that two 

1) 

2) 

Component Errors 

discussing programming and mechanization errors, it should be realized 
types of errors are associated with all analog components: 

Static Errors -- the deviation of a component's output from its 
actual value based on constant (zero frequency) inputs 
Dynamic Errors -- all components have frequency-dependent transfer 
functions which makes their accuracy a function of their input 
frequency (this will be discussed later for amplifiers and 
integrators). 

The sum of these errors, which is the total instantaneous dynamic error (TIDE), 
is, therefore, frequency dependent. 

The concept of TIDE is very important in evaluating components for their selection 
to perform a specific task in a simulation. 

2. Mechanization Errors 

In progrannning, several computer circuits or components often are available to 
perform the same mathematical operation. Since all components have TIDE associated 
with their operation, one circuit or component will be optimum for a specific task. 
Therefore, it is desirable that programs be devised in an efficient manner using 
the guide lines described in Chapter X. Progrannning errors due to the selection 
of inaccurate circuits are human errors; they can be corrected. 

Typical examples of instances where computer component error can be reduced are 

1) 

2) 
3) 

the reduction of the number of amplifiers in a mechanization by 
reprogrannning 
optimize potentiometer settings by rescaling 
careful consideration ot variable frequencies before selecting a 
multiplier (servo versus quarter square). 
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D. Data and Readout Errors 

Additional errors in analog computer solutions can be attributed to: 

1. Parametric Data Inaccuracies 

Inaccurate parametric data is frequently the biggest factor in the overall error 
associated with analog computer results. For example, if parameters are accurate 
to within 5 or 10% , one would not be concerned with a possible 1% computer error. 
The same considerations would apply if one were considering a digital computer 
for a specific application (because of its accuracy) rather than an analog 
computer. 

2. Readout Device Inaccuracies 

For non-stationary solutions, the accuracy of recording devices which are 
frequency-dependent is important and should be considered. For example, 
the dynamic error of an x-y plotter being driven at 10 inches per second is 
0.1% of full scale. 

Normally, voltages within the computer are scaled to be as large as possible 
without overloading the computing components. However, where a quantity 
changes its magnitude considerably during a solution, one still has a. difficulty 
measuring it for small values. Sometimes it is possible to overcome this 
difficulty by rewriting the problem. This is particularly so if one can make 
use of the adjoint technique described in the literature (7),(8). Furthermore, 
rewriting the problem, possibly making some approximations, may lead to a 
need for considerably less equipment. This would lead to sma.ller machine errors 
by introducing known errors of approximation. Both of these techniques have 
been used successfully to reduce the order of the machine errors associated 
with problem variables. 

E. Comparison of Analog Solutions and General Connnents 

In general, one may conclude that definition, completeness and parametric data 
errors will appear in results regardless of the. method of computation used. 
These errors are invariant with regard to analytical, analog and digital computer 
solutions. Rea.dout and individual component errors are hardware limitations; 
they must be recognized and taken into account. 

Hardware advancements have been significant in the last decade. For example, 

1) quarter square multipliers now have static errors on the order of 
0.02% compared to earlier models whose error was 0.5 to 1.0%. 

2) linea.r component errors have been reduced from 0.1% to 0.01%. 

Since the error associated with an analog solution is time dependent, its 
determination by analysis is very difficult and, at times, virtually impos­
sible. Therefore, a comparison of analog, digital and experimental solutions 
is the most practical method of determining overall solution erroro 
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In this regard, one must realize that experimental data is also subject to 
errors as shown in Figure XII-I. These errors are attributed to: 

1) recording devices 
2) transducers 
3) sampling geometries and techniques. 

Transducer and recording errors are usually on the order of 1.0%. 

In comparing analog and digita.l solutions, it should be realized that the 
accuracy of a digital solution depends on the digital programmer himself, 
as well as the equipment. It is his skill, the size and speed of the computer 
and the time allotted to obtain a solution which determine the accuracy of the 
final result. 

In summary, analog solutions have an inherent resulta.nt error on the order of 
0.1 to 5.0%. In most cases, this error is one or two percent. 

F. Error Theory Investigations 

Having briefly reflected on the overall situation, and indicated the degree of 
accuracy possible, we will now review some of the work that has been done on 
error theory during the last few years. It has, for the most part, been limited 
to an investigation of the errors to be expected in a machine solution of 
linear ordinary differential equations with constant coefficients. 

1. Practical Considera.tions: Errors in Operational Amplifiers 

As pointed out by Bode (1), the transfer characteristic of a summing amplifier 
can never be expressed as a simple gain. Instead, the simplest transfer function 
will take the form 

KG(s) = (1) 

where Kl and Tl represent the amplifier gain and time constant. The attenuation, 

phase characteristics and step response of such an amplifier are shown in 
Figure XII-2. 

When used as an integrator, the ideal transfer characteristic would be l/s. 
However, this again is physically unrealizable for it requires an infinite gain 
at zero frequency, and the normal integrating amplifier will have a simple 
transfer function of the form 

KG(s) 
K 

(2) 
s (1 + l/~s) 
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where K is the open loop gain of the amplifier. The attenuation, phase 
characteristics and step response are shown in Figure XII-3. This transfer 
characteristic implies that the high frequency response of the integrator is 
perfect. This is not so and, therefore, we should add another term to the 
above transfer function 

KG(s) (3) 

where K2 and T2 again represent the amplifier gain and time constant. 

As shown by Macnee (2),theeffect of these two shortcomings in the operational 
amplifier is to increase the order of any differential equation that is applied 
to the computer for solution. Provided the bandwidth of the amplifiers is such 
that the extra roots introduced into the characteristic equation by the computer 
are far removed from the original roots, and also provided that these extra 
roots have negative real parts, then the machine solution will be very close 
to the true solution. The requirement that the real parts are negative is satisfied 
in the case of summing and integrating amplifiers, but ,",ould not be satisfied 
for any differentiating circuit. 

This theoretical consideration implies that the high frequency cut-off of the 
operational amplifier must be as high as possible in order to accommodate the 
solutions of differential equations containing high natural frequencies. Where 
the natural frequencies contained in the solutions of differential equations are 
too high for the operational amplifiers in use, they have to be reduced by 
changing the time scale. 

If one wishes to estimate the errors contained in a machine solution, an 
expression developed by Marsocci (3), ,.;rhich gives the change in roots of the 
characteristic equation explicitly in terms of fi" T

I
, T

2
, may be of value. 

2. The Theoretical Approach: Previous Investigations of Analog Errors 

Murray and Miller (4),discuss the problem of error theory applied to analog computers 
in a more theoretical manner. They define three types of error which could occur 
in a machine solution, namely: 

ex errors: 

f3 errors: 

A errors: 

these are errors introduced by components of the machine, but 
which do not arise from an incLease in the order of the 
differential equation solved 0 

these are errors which arise in the course of a machine 
computation as a result of instantaneous disturbances of the 
solution. 

these are errors which arise due to an increase in the order of 
the differential equation. 
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The approach used by the authors was purely mathematical, and attempted to show 
how the solution, being analytical in Q, ~ and X, depended on these errors. 

Further theoretical work was done by Winson, which amplified the Murray-Miller 
theory to a point of practical application to linear systems with constant 
coefficients. However, the analysis is difficult and does not appear to have 
any easy practical application. 

Howe and Gilbert (5),have obtained practical estimates of the static and dynamic 
error of a resolver circuit. Their approach to the problem was to add an error 
term to the individual terms in the resolution equations, and to solve for the 
errors in the resultant solution. This method, which is applicable for a small 
problem, becomes prohibitive for large or extremely complex problems. 

Meissinger (6),has employed iterative and variational procedures to improve 
solution accuracy by substituting the analog computer solution back into the 
original differential equations. These methods, which are too complex to present 
in detail, have the advantage of using information which is readily available; 
therefore, results are obtained rapidly compared to numerical check solutions, 
etc. These techniques also are valuable in locating the sources of computer 
error. Their only drawback is the amount of computation components required to 
implement the method, which is a function of problem complexity. 

G. Conclusions 

One has to conclude that the determination of errors that can occur in an analog 
computer solution is not an easy task. This is particularly true when the problem 
being solved demands the use of large numbers of computing components. In 
consequence, it is normal to use the computer to obtain qualitative results in 
order to determine the general characteristics of a physical system. 
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CHAPTER XIII 

EXAMPLES OF EFFICIENT PROGRAMMING 

Introduction 

The purpose of this chapter is to provide the student with actual examples 
of the programming procedures described in the previous sections. It is 
suggested that these examples be used as a basis for review and study 
by referring back to the appropriate subsections as the problem solution 
is developed. 

Example #1: The Study of an Aircraft Arresting Gear System* 

In the design of an aircraft arresting gear system, cable tension specifi­
cations are important parameters in determining the maximum landing loads 
and velocities that a particular system can handle safely. Cable perfor­
mance may be described in terms of the following specifications: 

1. Maximum rated cable tension, that value of cable tension 
which will cause the cable either to snap or to be per­
manentlydeformed, i.e., to exceed its elastic limit. 

2. Working limit cable tension, that value which generally is 
defined as one-half of the maximum rated cable tension. 
Pragmatically, it is that value of cable tension such that if 
cable tension is constrained below this value, the cable life­
time will be essentially indefinite. 

The cable tension is assumed to be proportional to its elastic stretch 
under the action of an applied force. 

From previous design experience, modern development in equipment, new ideas, 
etc., a design configuration for the system has been proposed, and this is 
depicted in Figure XIII-I. The symbols and units used are given in Table XIII-I. 

The basic arresting gear system is symmetrical mechanically, and it is 
assumed that the aircraft arresting hook "engages the dead center of the 
cable about sheaves s3 and s; during landing. One-half of the overall 

system consists of a piston, p, which produces a drag force proportional to 
a function of its instantaneous displacement and velocity, linked by m3ans 
of Cable 2 to a carriage of mass, m2 , which runs on tracks parallel to the 

runway. The cable tension is proportional to the product of the Cable 2 
force constant, and the extension of Cable 2 under the action of an applied 
force. The carriage is linked to the system by means of Cable 1 which extends 
from its anchor position at w to fixed pulley, sl' about carriage pulley, s2' 

and fixed pulleys, s3 and s3. The system is originally in static equili­

brium with all cables taut. 

* Courtesy of All American Engineering Co., Wilmington, Delaware 

-296-



lJ--illl 
PISTON 

(MASS m3) 
CABLE I (SPRING 
CONSTANT k I ) 

h 

Figure XIII"l Basic Aircraft Arresting Gear System 

The types of aircraft to be considered for this study are classified as 
follows: 

1. Fighter airplanes in the weight range 6-20 tons, with landing 
speeds of approximately 110"160 mph. 

2. Light bomber aircraft in a weight class up to 23 tons, with 
landing speeds of 140-200 mph. 
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The objectives of the study are twofold: 

1. To determine the system response over a range of aircraft 
landing speeds and loads. 

2. To determine those combinations of aircraft landing speeds and 
weights within the above range, which would result in cable 
tension exceeding the working limit cable tension. 

Table XIII-I: Symbols and Units 

Symbol 

x 

YI 

Y2 

Y2 
·Y2 

Y3 

Y3 
Y3 
f(Y3) 

Meaning 

mass of aircraft plus effective mass of cable 

mass of carriage plus effective mass of cable 

mass of piston plus effective mass of cable 

Cable No. 1 spring constant 

Cable No. 2 spring constant 

One half effective runway width = one half 
transverse cable 

aircraft travel 

aircraft velocity 

aircraft deceleration 

cable payout 

carriage displacement 

carriage velocity 

carriage acceleration 

piston displacement 

piston velocity 

piston acceleration 

piston drag coefficient 

Units 

slugs 

slugs 

slugs 

lbs/ft. 

lbs/ft. 

ft. 

ft. 

ft/sec. 

ft/sec
2 

ft. 

ft. 

ft/sec. 

ft/sec
2 

ft. 

ft/sec. 

ft/sec
2 

lbs/(ft/sec)2 

1. Mathematical Model 

The basic system equations can be derived by considering the forces acting 
on the system elements. These equations will be summarized at the end of 
this section. 

Piston forces ..• figure XIII-2 illustrates the forces acting on 
the piston. It is assumed that the piston arm is we~.ghtless and 
that the piston mass, m

3
, includes an "effective weight" of the 

cable. These assumptions simplify the analysis to that of a 
single dimension, lumped parameter system. 
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fk2 

f m3 

Figure XIII-2: Forces Acting on the Piston 

= 

= 
= 
;;: 

piston drag force, proportional to the instantaneous 
displacement and the square of piston velocity 

f(Y3) (Y3)2 

piston driving force, equal to the tension in Cable 2 

k2(Y2-Y3) 

inertia force 

By d 1Alembert 1 s principle, the sum of the external forces and 
the inertial force acting on a particle is zero. From Figure XIII-2, 

or 

m3y + f(Y3) (Y3)2 = 

The piston drag coefficient, f(Y3)' is available empirically, 
and is shown graphically in Figure XIII-3. 

Carriage forces •.. the forces acting on the carriage are shown in 
E l.gure XIII-4. 

Figure XIII-4: Forces Acting Carriage 
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fkl tension in Cable 1 

= kl(Yl - 2Y2) 

fk2 = tension in Cable 2 

= k2(Y2 - Y3) 

fm2 inertia force 

With similar assumptions to those used in the development of the 
piston equation, the equation of motion of the carriage is written 
from the force diagram as 

m2 Y2 + k2(Y2 - Y3) = 2kl (Yl - 2y2) 

It should be noted at this point that the cable tension cannot be 
less than zero, i.e., there will be no force transmitted if the 
cables are slack. 

In other woras, with the above equations we must include the con­
straints, 

fk2 = k2(Y2 - Y3) 

= 0 

Yl < 2Y2 

Y2 ~ Y3 

Y2 < 13 

forces acting on the aircraft ... the aircraft is decelerated by the 
tension force in Cable 1 acting in a direction opposite to the 
aircraft's motion, but through an angle e, as shown in Figure XIII-5. 

Figure XIII-5: Forces Acting on the Aircraft -301-



From the force diagram, Figure XIII-5, the equation of motion of 
the aircraft is 

with the constraint~ . e ..... x __ _ 
Slon a h + 

Y1 

2. SummarY of Equations 

Following the usual procedure, the equations 
puter are written for the highest derivative 

k2 f(Y3) 2 
Y3 • ;;(Y2 - Y3) m3 (Y3) 

•. _ 2k1 k2 
Y2 - ~ (Y1 - 2Y2) - ;; (Y2 - Y3) 

2k1 
·x =--(Y 

m
1 

1 

S • 8 = x 
lon. h + 

constraints 

Y1 

fk1 - k1 (Y1 - 2Y2) 
= 0 

fk2 = k2(Y2 - Y3) 

= 0 
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3. Scaling 

Due to the layout of the proposed design, the mechanical limitations of the 
equipment to be used and from previous knowledge of such systems, the 
maximum values of some of the variables will be predetermined. Such values 
and typical values for the parameters are given below. 

ml 
= mass of aircraft + cables = 414 ;.. 1423 slugs 

m2 
mass of carriage + cable = 45.28 slugs 

m3 mass of piston + cable = 29 slugs 

h = one-half width of runway = 125 ft. 

2 
Y3 = maximum piston drag coeff. = 90 lbs/(ft/sec) max 

x = landing speeds of aircraft = 169 - 295 ft/sec 

Due to mechanical restrictions, the size and type of cable which can be 
used are fixed. Cable parameters can, therefore, be obtained from the 
manufacturer. 

Breaking strength of cable = 150,000 lbs. 

Working limitt cable 2 = 75,000 lbs. 

Working limitt cable 1 = 37,500 lbs. 

k 1 spring constant cable 1 4,550 lbs./ft. 

k2 spring constant cable 2 = 25,300 lbs./ft. 

t The working limit, in effect, includes a factor of 2 for repeated cyclic 
oading. However, in Cable 1, it will be advisable to include an additional 

factor of 2 for dynamic loading effects. This implies upper limits on 
forces fkl and f k2 • Thus 

f kl= kl(Yl - 2Y2) < 37,500 lbs. 

f k2= k2(Y2 - Y ) 3 ;::; 75,000 lbs. 

which will not be programmed since one of the requirements is to be deter-
mined by how much these limits are exceeded under certain load conditions. 

Referring to the summary of equations, the following variables and deriva­
tives will be represented on the computer and will, therefore, require 
scaling: 

x, x, x 
Yl 

Y2' Y2' )12 

y 3' Y 3' .y 3 
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The acceleration variables, Y2' and Y3' are not requlred explicitly in the 

l:-esults. They can be formed at the input to integrators and will not, there­
r.C:lre, require scaling as such. The maximum piston displacement, Y3' is given 

::!.s 350 ft. 

The maximum elongation-f0f both cables 
.kl N1 

Yl - 2Y2 = ~ - 35 ft. 
1 

fk 
2 ~ 

k2 

and 

6 ft. 

Therefore 

= 

based on their breaking strength are 

Since the maximum piston displacement, Y3' is 350 ft., the maximum values 
of Yl and Y2 are 

Yl 50 + 2Y3 = 750 ft. 

and 

6 + 
".., 

360 ft. Y2 = Y3 

Recalling that 

X = '" (Y1 + h)2 
_ h2 

and h is 125 ft., the maximum value of x is 860 ft. If the tension in cable 1 
is restricted to 25% of its breaking strength by mechanical res;trictions as 
previously stated, the maximum elongation (Yl - 2Y2) can be reduced from 35 

to 20 ft. for scaling purposes. 

One method for estimating the maximum deceleration, X, would be to consider 
the Kinetic energy of aircraft ( = 1/2 mv2). Assuming that this energy must 
be dissipated in the two pistons, then (piston dissipation force) x (displace-

2 ment) = 1/4 mv . 

The worst case will be when the complete piston length is required to absorb 
the energy and from the drag curve, Figure XIII-3, we see that approximately 
one-half the energy is dissipated in the first 300 ft. and the other half 
in the remaining 50 ft. This suggests that for the worst case the maximum 
deceleration will occur in the last 50 ft. of piston travel. Estimating 
that the force acting on the piston will be twice that required to retard 
the aircraft, then 

1/4 
2 

mv 
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where 

when 

Therefore 

fd 

d 

m 

v 

a 

a 

= dissipation force 

= piston displacement 

= mass of aircraft 
;; aircraft velocity = x 

= aircraft acceleration =·x 
2 

= x = 1 ~ can be assumed to be a maximum 
8 d 

v = x maximum = 300 ft/sec 

d = minimum = 50 ft. 

x max 
1 

= -
8 

2 
(300) 

50 
= 225 

2 
ft/sec 

To determine the maximum values of 12 and 1 3 , assume that 

. ,.... ~ 1/2 · 
Y 2max ,.., Y3max y lmax 

Estimating that 11 will be approximately equal to x max max 

Yl ~ y ~ 300 ft/sec. max max 

Then 12 and 13 have maximum values of 150 ft/sec. 

Now that all necessary information is available, the variables may be scaled. 
Magnitude scaling, and system parameters, are shown in table XIII - 2 and 
table XIII - 3. 
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Table XIII-2: Magnitude Scaling Sunnnary 

Physical Estimated Units 
Variables Maximum Values 
(Units) (Units) 

Yl 750 ft 

Y2 360 ft 

Y2 150 ft/sec 

Y3 350 ft 

Y3 150 ft/sec 

x 860 ft 

x 205 ft/sec 

·x 225 ft/sec 2 

f(Y3) 90 lbs/(ft/sec) 

Y2 - Y3 6 ft 

Y1 - 2Y2 20 ft 

h + Y1 (750 + 125) ft 

Table XIII-3: Parameter Summary 

Constant Parameters 

kl = 4550 lbs/ft 

k2 = 25300 lbs/ft 

mz = 45.28 slugs 

m3 = 20 slugs 

h = 125 ft 

-306-

Scale Computer 
Factors Variable 
MU/Unit M.U. 

1/1000 tYl/lOOO] 

1/500 tY2/5OO] 
l/~OO [Y2/200] 

1/500 lY3/ 5OO ] 

1/200 lY 3/
200 1 

1/1000 (x/1000] 

1/500 [X/500J 

1/500 [X/500 ] 

2 1/100 l f(Y3) J 
100 

1/10 lY2-Y3] 
1/20 10 

[Y;~ZY&J 
1/1000 r(h + Yl)/IOOO] 

Independent Parameters, ml and Xo 

414 ~ ml ~ 1423 slugs 

169 ~ x ~ 295 ft/sec 
- 0 



The following constraints must be programmed to account for the unidirectional 
behavior of cable tensions: 

Cable 2 cable tension = k2(Y2 - Y3) 

= 0 

Cable 1 cable tension = kl(Yl - 2Y2) 

= 0 

4. Scaled Equations 

Y2 ~ Y3 

Y3 > Y2 

Yl £ 2Y2 

2Y2 > Yl 

The scaled equations can now be written by substituting the scaled variables 
·from table XIII-2 into the origina 1 equations. 

Piston Equation 
k 

Y3 = m~ (Y2 - Y3) - f(Y3) (Y3)2 
~3 

The appropriate scale factor for Y
3 

is the same as that for Y3. Direct sub-

stitution r~3~.he sc~~ed r;~:~b~:ls int~o~:~oor~o~;o:~ er~;ott2n yields; 
ljooj = 20;;;3 t J b: j G aI 

Coefficients of the scaled variables are pot settings. Substitution of the 
parameters K2 and m3 indicate pot settings of much greater than 1 are required. 

To reduce rY~ -jettings /~2 a v)al[(;2<_ly~e equati{.:oma) rf~;)rr~:r2 as follows: 
1200J = 100 \2000m

3 
10 J - 1000 \m3 L~J [20 

Where 100 and 1000 are amplifier gains and termsin curved brackets are pot 
settings. 

The gain difference of the order of 10 is noted. This could imply that the 
the second term is poorly scaled. Recalling the physics of the problem, 
initially the piston velocity Y~ will be a maximum then decrease. The drag 
coefficient will initially increase from some minimum value. These quantities 
will not be a maximum together and therefore neither will their product. It 
will probably be safe to increase the scaling by a factor of five. 

Note that high integrator gains are required. This may indicate that if the 
magnitude scaling is satisfactory, time scaling is required. 
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~roceeding as before and since Yi may be scaled the same as Y2 the scaled 
equation becomes: 

[
'Y2d = kl rYl - 2Y~ _ k2 rY2 - y31 
20 5m

2 
t 20 20m2 t 10 J 

or 

Aircraft Equation 

Equations 4, 5, & 6 of section 2 may be combined to eliminate sin 8: 

yielding, 

x= ( y 1 - 2y 2)( h ~ y ) 
1 

The scaled equation becomes: 

&~6] = - (~~J [Y\~ 2Y2] 
x 

1000 [h + Yl 
1000 

To summarize the material just presented, the scaled equations are: 

Piston 

[;~oJ = 100 (2~~Om) t\~ Y~ - 200 (!~) ~ h~~3)J [;~JJ 
Carriage Equation 

Aircraft Equation 

~~J = - G:!J l\~ 2

Y2
] 

Algebraic Equation 

( 
2 2J 1/2 

y+h=x+h 
1 

I k2 ) fY 2 l~ Y 31 
100 \"200Om

2 
t :J 

Recall that the following constraints must be imposed: 

= 0 

Tension in cable 1 = kl(Yl - 2Y2) 

= 0 
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5. Time Scale 

Drawing the circuit diagram directly from the scaled equations would require 
large gains at the inputs to the integrators. This indicates a need for a 
time scale change which can be estimated from the maximum natural frequencies 
of the system. These frequencies, which can be obtained from equation 1-4, 
are: 

V2k sin 8 wna = 1 -----ml 

assuming sin 8 = 1 

wna = ~ /2 x 4550 
V 414 

= 4.7 rad-sec. 

Ulnc =-V 4kl + k2 = 31.0 rad/sec. 
m

2 

wnp = '\I k2 = 35.6 rad/sec. 

m3 

The natural frequency of the piston is approximately 5.7 cps and, if one con­
siders a frequency range of 0.02 to 3.0 cps as generally suitable for problem 
solutions on the analog computer, a time scale of l/~ = 1/10 seems to be a 
reasonable choice. Furthermore, the landing of the aircraft requires approxi­
mately 3 to 5 seconds of real time. Therefore, if ~ = 10 the solution on the 
computer would take 30 to 50 seconds which is quite adequate. In order to 
perform the time scale change in the computer circuit, each input to each and 
every integrator must be mUltiplied by l/~. 

6. Generating the Drag Coefficient 

In some cases where a function of this nature is required accurately, it may 
be advantageous to try an analytic approach to the curve or some part of it. 
For example, in this case, one could try an exponential type function for 
the last part and use a function generator to give the first part. The advan­
tagewould be that the function generator could then be used to plot an error 
function rather than the function itself. For our purposes, since the experi­
mental method used to determine the drag relationship was far less accurate 
than any computing technique, it is convenient to use a standard (10 segment) 
variable diode function generator for the entire curve simulation shown in 
Figure XIII-3. A scaled graphical representation of the drag coefficient 
curve,with reconnnended break points is shown in Figure XIII-6. 

7. Progrannning 

From the original equations the unscaled computer diagram can be drawn. This 
step aids the progrannner in setting up a neat program. More important, however, 
it can point out areas where equipment can be often be minimized. The scaled 
computer diagram is shown in Figure XIII-7. Note that the equations of con­
straint are mechanized using standard limiter circuits around amplifiers 08 
and 09. 
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Equipment savings can bereat~~ in the square root and squaring circuits 
since the sign of the input x does not change. Pot 29 in the feedback 

o'f amplifier 17 provides a convenient method for rescaling the multiplier out­
put. The output amplifier of the x2 card serves the dual purpose of a high 
gain amplifier for the x2 card and a summing amplifier for h2 • 
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STATIC CHECK 
AMP OUTPUT 
NO. FB VARIABLE CALCULATED MEASURED NOTES 

CHECK PT. OUTPUT CHECK PT. OUTPUT 

00 my + [g 3/z00 ] -·$'0 

01 HG . ~/a 2 - [ d" i!.oo] -.as" 

02 INT + [~3/i?OO] 1"~. 'f.s- 1'"" .St:1 

03 lilT - [ J-3/rOO ] -.oZ -: ,},O 

04 I(G VDFG-

O~ /lG- [fill)] + /1>0 f .o?S 

06 lINT -[~uoo] + . ?81(- -/.00 

07 
[NT + [~2.h~o] + .0'1 +-.~e. 

08 HG-
[~I -2.J)1o] oUTPuT 

+ 20 ftT T. P. '- +1.00 

09 He; _ [ dz' -~~ ] ouTpuT 
/0 AT T·P. I - /.00 

10 /t'T _[k/$"oo] -.O~I - .. So 

II 
(NT + [~oJ - .02S"' of'. SSI 

12 KG- _ [X/:"~ hZ] -.3 e.36 

13 HG t-[.YI1'~ ] + .S&7 /000 

14 £ -[~/tOOO ] -. '1'10 

I~ JNV [Y3/rooJ +.'1-0 

16 /NV 
_[f(:/3)) .... o9s-

7~~ 

17 fiG + [~[f~)][ l~~]l] + ."'3? 
18 

INV 
[/}3 ]Z + ~ .f.ZS-

19 (f{V [~yth ] 
- ~D -.~t;? 

20 ItYY -[ ~, :_:d~ ] -t1.CO 

21 Ht; -[ y, -~ ][Xj, JA-'H!iJ "Y I"!> I()~ ,/~" -. P'll 

22 /tly r[ .2:-] /[ :1/ -1-), ] 
/0"" ~ .+. 9'£ 

23 /f(; - [ /D~" ]/ [y;,,::-] -. "t 
M6~3 
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8. Static Test 

The introduction of IC-voltages into the circuit permits the calculation 
of output and checkpoint voltages to be expected on the amplifiers and 
integrators. The IC-voltages (which will be chosen for convenience) need 
not have any physical significance. The outpu~and checkpoinrn 
will be calculated from the original equations, to ensure that errors 
have not been made either in the scaled equations or in the mechanization. 

Check Calculations 

Y3 

kZ 
- Y ) -

f(Y3) . Z 
A. = - (y ;-- (Y3) m3 Z 3 3 

kZ = Z5300 lbs per ft 

m3 = ZO slugs 

Let Y3 ZOO ft 

Yz = ZIO ft 

Y3 = 100 ft/sec 

then f(y3) = 7.5 lbs/(ft per sec) 
2 

and ")13 
Z5300 (ZlO-ZOO) _ L2.(100)2 Z53000 - 75000 =-- = 

ZO ZO ZO 

= 8900 ft/sec. 
Z 

and )73 
-=+4.45 
200~ 

MU at check point C OZ 

")1Z 
Zkl 

- ZY2) 
kZ 

(YZ - Y3) B. =-(Y mZ 1 mZ 
kl = 4550 lbs per ft. 

mZ = 45.Z8 slugs 

Let Yl 
::;: 440 ft 

and YZ ZOO ft per sec.j 

9100 Z5300 
then YZ 45.Z8 (440-4Z0) - 45.Z8 (2l0-Z00) 

1 
= 45.28 (18Z000 - 253000) 

- - 1567.68 ft per sec. 
Z 

and +0. 784MU at check point C 06 
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C. 

D. 

Yl = (x2 + h2)1/2 - h 

h = 125 ft 

222 
.x = (Yl + h) - h = 303.500 

and x = 551 ft 

x - -
2kl 
- (y - 2y) x 

ml 1 2 h + Yl 

Let ml = 500 slugs and x = 250 ft per sec.; 

then x 9100 
500 (440-420) 0.9754 

- - 355 ft per 
2 

sec. 

and ~iJOff -. 07lMU at check point C JO 

For the first derivatives chosen, the check points of inte­
grators 03, 07 and 11 should read 

C03 -.02M.U. 

C07 

Cll 

A typical set of computer results are presented in Figure XIII-B. The 
system parameters producing these results are extreme in that they repre­
sent system demands which lie outside the range of required system per­
formance. It is, therefore, most interesting in terms of system response. 
For these conditions, the tension in Cable 1 exceeds the working limit 
but is still below the maximum allowable cable tension specification. 
It is of interest to note that at the time of complete cable run-out, 
the aircraft is still in motion. A number of possibilities may arise 
at this point, i.e., either the system or the aircraft may be damaged 
or, perhaps, a successful landing without damage to either may result; 
however, the simulation ends at this point, since further study of the 
system response at cable run-out would, of course, require an expanded 
mathematical model and a more complex computer simulation. Nevertheless, 
with the existent model, adequate information has been obtained to con­
firm the original design philosophy, and to indicate satisfactory future 
system operation. 
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Figure XIII- 8: Typical Results 
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C. Example #2: Stability of the Molten Zone Refining Process 

In the production of transistors, it is necessary to obtain pure, single­
crystal germanium or silicon. The principal source of germanium is 
germanium dioxide, a by-product of zinc mining. It is obtained also 
from coal ash. The dioxide is reduced in a hydrogen atmosphere, and the 
resultant metallic germanium is cast into long rods. The purity at 
this stage is good but still is not sufficient for the manufacture of 
transistors. Further refining is necessary. 

Some manufacturers use the zone refining process which is illustrated 
in Figure XIII-II, to achieve the high degree of purity required. The 
rod is placed vertically in a special furnace filled with hydrogen. 
Starting at the lower end, a small length of the rod is heated to a 
molten state by using an R-F induction heating coil. As the coil is 
moved upwards, the molten zone, held together by surface tension, 
travels along the rod. The impurities in the germanium tend to collect 
in the molten zone and are removed to the top end. The process can be 
repeated until the desired purity is achieved. In practice, germanium 
with impurities of the order of one part in 109 is obtained, which is 
sufficiently pure for use in transistors. 

Questions which arise in implementing this refining process include: 
"Under what conditions should the process be conducted?", "What tempera­
ture, what diameter of rod and what length of molten zone will give 
the most efficient operation with stable conditions?" Obviously, if the 
molten zone is too long, the surface tension forces will be too small 
to hold it, and the liquid metal will flow away from the rod. If the 
molten zone is too small, the process will take too long. The shape 
of the rod formed below the molten zone must be regular, and similar 
to the original rod. These questions can be answered by considering 
the shape of the molten zone under different conditions. 

The objectives of this study are to derive and mechanize a mathematical 
model which describes the surface of revolution of a hanging drop. By 
considering the resultant curves, together with the necessary constraints 
of the molten zones (rod diameter, stable shapes, etc.) (1) in the re­
fining process, it will be possible to determine the most efficient and 
stable operating conditions for the process. 
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Figure XIII-II: Molten Zone Refining 
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Figure XIII-12: Geometry of Molten Zone 
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1. Mathematical Model 

The general equation for the shapes of liquid surfaces has been developed 
by many authors (2), and takes the form of the LaPlace equation 

where 

and 

p (1) 

p pressure difference across the surface membrane at any 
point 

major radii of cur vature at a point 

¥ = surface tension of liquid 

The coordinates of a point, P, on the surface can be expressed in terms of 
X and Y, as shown in Figure XIII-12. 

The radius of curvature, Rl , is given by the expression 

~ 2 
3 

+[~1 
-,: 

Rl = 
2 

(2) 

.Q....y 
2 

dx 

The radius of curvature, R
2

, must be normal to the surface and, as Plies 
on a surface of revolution, R2 must be equal to QP where Q lies on the 
axis OY. 

= I X cse Q I = 

or 

I 
1/2 

:;.X~[!=...:1:::......-:.+--=t,J::;~n::..2.....:Q:;.:J:....-_ 
tan Q 
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R2 = X [1 + {t} t 
-.!!:l 

= x (3) 

1/2 

E.Y 
dx dx 

If the pressure at the bottom of a drop is due to the height of liquid, 
H, then the pressure at the point, P, above the bottom of the drop will be 

p = P g [H-Y] (4) 

Replacing Rl , R2 , and p in the LaPlace equation with their equivalents, 
we obtain 

E.Y 
dx 

+ 1/ 
2 

= 
Pg 

¥ 

Introducing the capillary constant, a, having the dimension of length 

a =~ 2 
pg 

the right hand side of equation 5 becomes 

2 LH-Y] 
a 2 

By substituting 

Y = ay, X - ax, H = ah 

(5) 

in equation 5, it can be reduced to dimensionless form and rewritten as 

= (6) 

2. Preliminary Considerations of the Problem 

Equation 6 contains two variables, x and y, and a parameter, h, which is a 
constant for anyone condition studied. The general problem is to plot x 
against y, for values of y in the range from zero to h. To do this, one 
could regard either x or y as the independent variable and represent it on 
the computer by time. It is prudent to consider the physical system and how 
the variables behave with respect to each other before deciding the best 
approach to mechanizing the equation. 

The equation represents the surface of revolution of a hanging liquid drop, 
and the kind of curves we expect to obtain are similar to that shown in 
Figure XIII-13. 
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Figure XIII-13: Typical Cross-Section of Molton Zone 
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For this problem, one is not interested in that portion of the results where 
y > h or x < x (part of the curve shown dotted). However, to obtain a solution, 
boundary condi!ions must be determined, and the only point of the curve at which 
values are known is the origin. Hence, although the region near the origin is 
of no interest, one must set up the computer solution using the values at the 
origin as initial conditions. 

If x is used as the independent variable, the initial conditions for y(x) are 

yeO) = 0 
and 

o 

and a computer circuit appears to be possibleo Hoever, in looking at Figure 
XIII-13, we note that at xc' dy/dx becomes infinite and the solution could not 
be completed. 

If Y is selected as the independent variable, which makes x a function of y , 
the initial conditi'ons are: 

x(O) = 0 

and 

Therefore, the use of y as the independent variable would be troublesome since 
it has an infinite initial value. 

Based on the above consideration, it would seem necessary to program the problem 
in two parts (Figure XIII-14). The first part would use x as the independent 
variable and stop at a reasonable value for dy/dx. At this point, the values of 
x,y and dy/dx would be recorded to be used as initial conditions for the second 
part of the solution which uses y as the independent variable. However, further 
analysis of the problem shows that by transforming equation 6, one can produce a 
more efficient solution to the problem. The(§yo-part programming description and 
mechanization can be found in the literature . 

x 
y 

~ 
dx 

. Y 

0 YI x xl 
0 2 

Y YI 
0 

(dX) _ 1 
dy - (*1 

\INITIAL 

X 

INITIAL 
CONDITIONS CONDITIONS 

Figure XIII-14: Scheme of Solution of Problem in two parts. 
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3. Revised Mathematical Model 

In this problem, our objective is to plot a family of curves referenced to a set 
of rectangular coordinates. The device which will produce these curves will be 
an x-y plotter, where the motion of a carriage will follow one coordinate, and a 
pen travel normal to the carriage will follow other coordinate. The dynamic res­
ponse of plotters normally is velocity limited. Since time is not a variable in 
our original equation (equation 6), we can introduce the constraint 

(7) 

where V is a suitable constant velocity vector for the pen of the x-y plotter. 
By fixing an appropriate value for VI we can be certain the dynamic response of 
the x-y plotter will not be exceeded. 

The relations between time and space derivatives are t 

~ 
d dt 

=:l y' =~=-
dx dx x 

dt 

and 
~' =(~'X dx)= (y" Y. x) 
dt dx dt 

which can be solved for y" 

y"= 
dy'/dt ddt { yl) ddt (i) x y - y x = =--= 

x X x .3 
x 

Substituting y' and y" into equation 6 yields 

x y - y x [( y \2_
J 

3/2 i [1 + (y Ix) 2 ] 
• 3 = 2 (h -y ) I + *) x x 
x 

(8) 

or 

x y - y x = 2(h-y) (9) 

which contains both x and y 

Differentiating equation & (x2 + y2 = V2) with respect to time we obtain 

x x +(t X YJ= 0 (lOa) 

and 
x = - ~ Y (lOb) 

x + The dot notation is used for derivatives with respect to time, and the prime 
notation is used for derivatives with respect to x or y. 
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or 
ij = -

o 
X •• 
-;-x 
y 

Substituting equations 7 and lOb into equation 9 yields 

xy - y ('-~ ) y = 2 (h - y) v 
3 

- ~ v 
2 

or . 
y = x (2[h-yJV - y) 

x 

(lOc) 

(11) 

Similarly, an equation for x can be obtained by substituting equations 7 and 
10c into equation 9 

x· = -y (2 [h-~ V - ! ) (12) 

To define the system completely, the Yo' Yo' 
be determined. 

X in terms of y , and y " must 
000 

We know from the geometry of the drop that x o ' Yo' and Yo' are zero and Yo" is h. 

Since Yo 
= - = 0 x 

o 

then y = 0 which can be substituted into equation 7 to determine the initial 
o 

value of x, x = V 
o 

These initial conditions now can be used to determine y " since 
o 

y " 
1 C· x Yo x ) = -- -

0 x 3 Yo 0 0 

0 

y " 
1 ( V 0) =- Yo -

0 V3 

and 
V

2 
" = V2

h Yo = Yo 
. 

then y 
o o. 10 

( V2h) = 0 x =-;r- Yo ':' -
0 V 

0 

Now that the initial conditions are available, equations 11 and 12 can be 
mechanized readily. 

l~e initial value of y/x can be shown by L' Hospital's rule to be equal to Vh. 
The initial value for this division circuit can be programmed most effectively 
by using a Ilsteepest descents" division circuit. 3 
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4. Scaling and Scaled Voltage Equations 

From Figure XIII-3, the maximum value of x seems to occur at the origin. Since 

both derivatives can not exceed V, which must be defined. A reasonable value of 
V, O.S units/sec, was selected based on the velocity limitations of the x-y plotter. 

The maximum value of x is unity since values of X greater than "a" are of no 
physical significance (X = ax). 

The maximum value of y can be obtained directly by specifying h, since y < h.has 
no meaning. From the literature and from experience with the physical system, it 
was assumed that "h" would not exceed four. 

The following scaled table (Table XIII-6) can be used to summarize magnitude scaling. 

Table XIII-6: Magnitude Scaling Summary 

PHYSICAL ESTIMATED SCALE COMPUTE R VARIABLE 
VARIABLE MAXIMUM FACTOR 
(Units) VALUE MIT/Unit M.U. 

(Uni ts) 

h-y 4 1/4 r¥l x ~ 2 2 [2 xl 
y ~ 2 2 t 2 y] 
X 1 1 [x1 
y 4 1/4 (+1 
y/x 10 1/10 t y ] 10 x 

We can now derive the scaled equations 
(13) 

(14) 

A convenient time scale factor, ~, for the simulation, based on potentiometer 
gain considerations, is ten. The computer diagram for this simulation is shown in 
Figure XIII-IS. 
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5. Static Check 

The following parameters were selected for the static test run: 

v = 0.500, h = 3,,000 

The following values were used for initial conditions: 

y = 0.15, (therefore with V = 0.5, x = 0.476) 

x = 1.0, y = 2 

Substituting these values in equation 11 yields 

{ 0.15001 Y = 0.4760t2(Oo5) (3-2) - 1.0000 1 
= (004760) (0~8500) = 0.4040' 

which can be multiplied by 200/~ to obtain the check amplifier output * for ampli­
fier 10 

Similarly for equation 12 

x = - (0.15)(0.850) = - 0.1272 

and the check amplitier output ± for amplifier OZ is 
J 

L-2xl= (2) (-.1272) 
~ 10 +.0254MU 

The Potentiometer Assignment Sheet is given in Table XIII-7, and the Amplifier 
Assignment Sheet in Table XIII-8. Calculated values for static test outputs 
are included in both figures. 

60 Results 

Curves obtained from method B for values of h = 2.5, 3.0, 3.5, 4.0 are shown in 
Figure XIII-16. These curves then are used to determine the zone shape for a 
given value of h, rod radius, and capillary constanto Stable zones were obtained 
for h 2: 3.5. 

f With the check amplifier function switch in the OUT position. 
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ELECTRONIC ASSOCIATES INC. 

RESEARCH AND COMPUTATION DIV. 
Box 582, Princeton, N.J. 

TR-48 POTENTIOMETER ASSIGNMENT SHEET 

POO-P29 

DATE _____________ _ PROBLEM ______________________ _ 

SETTING 
STATIC 

SETTING 
J 

POT PARAMETER CHECK POT 
NO DESCRIPTION STATIC OUTPUT RUN NOTES 

NO 
CHECK VOLTAGE NUMBER I I h=2.5 

00 ~~ .0500 .0500 ~=10 00 

01 2 Xo 0.952 .0000 01 I 
( 

02 1/~ .1000 0.100 02 

03 03 j 
04 04 ,I 

05 vh/10 .0150 0.125 05 lr 
06 l/G 1.000 .1000 06 )-

07 YO/4 0.500 .0000 07 If 

08 1/~ 0.100 0.100 08 
r 

09 2yo 0.300 .0000 09 
I 

10 1/8 B .0125 .0125 10 I 
I 

I I h/4 0.750 0.625 II 

" 
12 4 vIS 0.400 0.400 12 

13 13 r' 

14 Static Test .0500 .0000 14 L
J 

15 15 r' 
16 16 II 
17 17 ) 
18 18 I 

19 19 I 
20 20 

21 21 "-I 

22 22 " 

23 23 ~I 

24 / 24 r! 

25 25 L, 
26 26 J , 
27 27 L 
28 28 J 
29 29 
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ELECTRONIC ASSOCIATES INC. 

RESEARCH AND COMPUTATION DIV. 
Box 582, Princeton, N.J. 

TR - 4 8 AMPLIFIER ASSIGNMENT SHEET 

AOO- A23 
DATE ________________________ __ PROBLEM ______________________ _ 

I 
STATIC CHECK 

AMP OUTPUT 
NOTES 

NO. FB VARIABLE CALCULATED MEASURED 

CHECK PT. OUTPUT CHECK PT. OUTPUT 

00 INV + 2 *- +0.952 
--. -

01 INV - 11 -.085 10 

02 INT - -2 *- -.0254 -0.952 

03 INT + x -.0476 +1.00 

04 ~ .085 10 

05 INV - x -1.00 

06 HG y/10 -.015 

07 1 . 
INT +-y -5.0 +.015 Remove .1~ plug In ~. 

08 INV 
1 . 
-~ 10 x -.015 

09 HG -2* ..JL 10 -.0808 

10 INT + 2y -.0808 +0.30 

II 
INT -y/4 +.0375 -0.50 

12 ~ -0.250 - ~ 

13 HG € -0.500 

14 HG € +0.500 

15 
- x € -0.500 

HG 

16 INV 2y -0.300 -
17 HG - 2y ~/10 -.0254 

18 

19 

20 

21 

22 

23 
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Figure XIII-16: Computer Results 



D. Example #3: Transient Behavior of a High Speed Tunnel-Diode Switching Circuit 

In the design of high speed switching circuits, such as one might find in a modern 
digital computer, experimentation with the actual circuit is possible but extremely 
difficult. The experimental difficulties arise in the measurement of circuit be­
havior (wave forms, etc.) under high frequency operationo Frequencies, such as 
those obtained from a digital clock, range up to 109 cps. Therefore, analysis and 
computation are desirable means of evaluating proposed high speed circuits. 

This study deals with the analysis and simulation of a proposed tunnel-diode 
circuit which is shown in Figure XIII-17. For design purposes, a dynamic 
analysis "vhich takes circuit reactances into account is necessary for at least 
two reasons: 

TOI 

V in V out 
----'Vvvvvvv---+--- - - -1 LOAD 

TD2 f 
v-

Figure XIII-17: Simplified Schematic for 
Tunnel-Diode Switching Circuit 
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1. A knowledge of the switching time is necessary to determine the 
maximum clock frequency (i.e., the maximum rate of information 
transfer) at which the system can be operated. 

2. The circuit may prove unstable and break into oscillations. 

Both the stability and the' switching time will depend primarily on the inevitable 
circuit reactances. The determination of the maximum clock frequency and the 
stability limit of the circuit are the objectives of this study. The character­
istic curve of a typical tunnel diode(s) is given in Figure XIII-18. Note that 
the slope is negative over the greater portion of the operating range (from about 
60 to 300 millivolts). The existence of this negative resistance region means 
that the equilibrium described in the preceding paragraph will be unstable. A 
very slight disturbance will upset the symmetry described above, causing a very 
much larger voltage to appear across one diode than across the other. This sen­
sitivity to small input disturbances enables the circuit to function as a high­
gain, high-speed switch. 

Assume V+ and V_ are initially zero and that V+ gradually V+ gradually increases 
while V_ decreases, such that V+ + V_ = O. Then the operating point of each 
diode will move from the origin in Figure XIII-18 along the characteristic curve 
toward the peak. The voltage at the junction will remain zero, as before. After 
the peak has been passed, the voltages and currents for the two diodes should re­
main identical (by symmetry), and the voltage at the junction should remain zero. 
However, since the diodes are now in the negative resistance region, this equili­
brium will prove extremely unstableo 

Suppose, for instance, that the circuit is unbalanced by a small positive voltage 
at the input terminal. Then tunnel diode #2 will have a slightly greater voltage 
across it than tunnel diode #1 and, as the bias voltage increases, tunnel diode 
#2 will pass its peak first. Further increases in the voltage across TD2 will 
result in a decrease in the current through it, and, hence, a decrease in the 
current through TDI as well. Since TDI is still in its positive resistance re­
gion, a decrease in its current will decrease its voltage drop, increasing the 
voltage drop across TD2 (since the tunnel diodes are acting as a voltage divider, 
and the sum of their voltage drops must equal 2V+). It follows that TD2 will 
move rapidly through its negative resistance region, at a speed limited only by 
circuit reactances, and stabilize somewhere in the positive resistance region 
above 300 millivolts, while TDI stabilizes in the positive resistance region below 
60 millivolts. 

Since most of the voltage drop between the two bias sources appears across TD2, 
it follows that the voltage at the junction (the output voltage) will be positive. 
A positive input voltage will, therefore, produce a positive output voltage. The 
output voltage will be of the same order of magnitude as the bias voltage, V+, 
while the input voltage need only be large enough to overcome any inherent imbalance 
in the diode characteristics. The input voltage thus can be made very small, and 
the gain of the circuit is limited only by the closeness of the match between diode 
characteristics and between the positive and negative power supplied. If the input 
and output voltages are equal in magnitude, as in the case with cascaded logic ele­
ments of similar design, high gain means that very large resistors can be used, re­
sulting in very large fan-in and fan-out figures. 
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In high speed logic and arithmetic ~ircuits, the voltages V+ and V_ will be out­
of-phase alternating voltages with approximately sinusoidal wave-shapes. D-C 
levels will be superimposed on these sinusoids and, in most applications, this 
bias will just equal the amplitude of oscillation, assuring that the bias voltages 
do not change signo The alternating bias voltages then will serve as a "clock", 
supplying the necessary timing signals for high-speed arithmetic and logic. An 
output can be obtained only during that part of the bias cycle when the bias vol­
tage is large enough to switch one of the diodes into its negative resistance re­
gion. 

The attractiveness of this circuit for digital applications lies in the fact that 
the input need only be large en pugh to unbalance a symmetric circuit. If all 
componenets were perfectly matched, the slightest input disturbance would un­
balance the circuit in the proper direction and the theoretical gain would be 
infinite. In practice, the gain will be limited by component tolerances. An 
estimate of the gain(or, equivalently, the fan-in/fan-out capability) of the cir­
cuit can be made from a static analysis of the tunnel-diode characteristic and a 
knowledge of circuit tolerances. Such an analysis has been made by Chow (7) who 
predicted large gains for closely matched diode. 

The equivalent circuit for the system, with circuit reactances and external loading 
taken into account, is given in Figure XIII-19. The principal reactances involved 
are lead inductance and case inductance (which may be lumped together), and diode 
shunt capacitance. Provision is also included for coupling the leads together 
with mutual inductance which would correspond to dressing the power supply leads 
close together during construction. A moderate amount of coupling proves to have 
a beneficial effect on switching time when the circuit is operated at high fre­
quencies. 

Figure XIII-19: Equivalent Circuit Showing Reactances 

1. Mathematical Model 

The equations describing the system are given below. These equations are straight­
forward applications of Kirchoff's laws and the known properties of resistors, 
capacitors, and inductors G They may be written down immediately upon inspection 
of Figure XIII-19. 
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Equations 1 and 2 are Kirchoff voltage equations for the two major loops. 
Equation 3 is simply the statement that the bias or "clock" voltages are out­
of-phase sinusoids with d-c levels superimposed. Equations 4 and 5 state the 
basic volt-ampere relation of a capacitor, and 6 and 7 are Kirchoff current 
equations. Equations 8 and 9 state the characteristic relation between voltage 
and current in the tunnel diodes (see Figure XIII-18). On the computer, these 
curves will be represented by function generators. Equations 10 and 11 are, of 
course, statements of Ohm's Law. 

System Eguations: 

VI = Ilrl + LIIl MI2 + Vn +V (1) 
1 

out 

Vz = IZrZ + L212 MIl + Vn - V (2) 
2 

out 

VI -V2 = Enc - A sin wt (3) 

0 1 
Vn = - IC (4) 

1 
C

l 1 
. 1 
Vn = IC (5) 

2 
C

2 2 

Ie = II -In (6) 
1 1 

Ie = I - In (7) 
2 2 2 

ID = f(V ) (8) 
1 Dl 

ID = f(V ) (9) 
2 DZ 

V = (II 12 + Iin)~ (10) out 

V. - V out 
I. ~n 

(11) 
~n R. 

~n 

For the purpose of this simulation, equation 11 was omitted and replaced by the 
assumption that the input current lin was constant. This simplification was made 
so that the results could be compared directly with a digital solution which also 
made this assumption. 

For simulation purposes, equation (3) is mechanized readily from its differential 
equation. It may be differentiated twice to obtain 
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and 

where/ 

dv 
dt 

= - w A Cos wt 

v = VI - Enc = -

Therefore, the mechanization of the oscillator equation 

with the initial conditions 

V(O) = a 

and 

can be used to simulate the clock sinusoid. 

2. Scaling 

(12) 

(13) 

(14) 

Since this switching circuit is part of a much more elaborate system, the 
system specifications can be used in estimating maximum values. In this case, 
system specifications call for the clock voltages, VI and V

2
, not to exceed 

500 mv and the current drawn through these inputs, II and 1
2

, to be less than 

50 rna. By consulting Figure XIII-18, it is obvious that the tunnel diode was 
selected to meet these specifications. Therefore, the maximum values of Inl 

and ID2 are also 50 mae Since the capacitors paralleling the diodes may be called 

upon to provide the entire current path, ICI and IC
2

, if the diodes do not conduct, 

their maximum currents are also 50 rna. As seen in the figure, the maximum possible 
diode voltages, Vnl and Vn2' are 500 mvo 

The maximum values of the current derivatives can be estimated directly from 
equation I and 2 after the system parameters have been defined. The parameters 
are summarized in Table XIII-19 and the estimated maximum value of i l and i2 is 
200Oma/ns. 

Now that all maximum values have been determined, the necessary scale factors can 
be summarized, as shown in Table XIII-IO. This study was carried out on a 
transistorized,TR-48 analog computer. The scale factors were determined by 
dividing the maximum values into a one unit reference level. 
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3. Scaled Equations 

From the above information, the following scaled voltage equations can be ob­
tained: 

(15) 

. 

[~~oo] = (4i) [[V ~~] - [:~~] -[:~J + (4M) G~J -[ ~~ ][~~]} 
(16) 

[VD1] 1 [IC1] 
500 = 10 (100 C

1
) 50 (17) 

. 
[VD2] 1 [IC2] 500 = 10(100 C2) 50 (18) 

(ICll =[ II ] _ [ID1] 
50J 50 50 

(19) 

[I~] =[ ~J- [IiJ (20) 

and 

[ V ~~~] =f[ ~~ 1 -[ ~ ] + ( ~~n) J(l~~) (21) 
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Table XIII-9: Summary of Parameters 

r 1 = r 2 = 3 ohms 

~ = 8 ohms 

C1 = C2 = 10- 2 nanofarads 

L1 = L2 = 0.4 nanohenry 

M ~ ~L1L2 Try M=O for first run a Probably maximum value 
around 0.2 nanohenry 

I. = 1.0 mae l.n 

A = 130 millivolts 

Edc = 130 millivolts 

f = 150 megacycles/second = 0.15 cycles/nanosecond 

to ::: 2 rr f = 0.9425 radians/n.s. 

Table XIII-10: Summary of Variables 

Physical Estimated Units Scg,le Factor Computer 
Variable Max Value Machine Units/ Variable 
(Units) (Units) Unit Machine Unit 

VD1 , VD2 , V1 500 mv 1/500 L~o ] 
V2 

ID1' ID2 50 ma 1/50 [ ~g ] 
1

1
, I 50 ma 1/50 l !o 1 2 

. . l 10~O ] II' 12 2000 maIns 1/2000 

I C1 ' IC 2 50 ma 1/50 L Ie 1 50 

The oscillator equations can be rewritten as 

r l V I 

---x- = 1 Sin tOt· = L ..i 

to program (1 Sin tOt) directly. 
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+1' 

Sin wt 

- Sin wt 

A 
50aJ 

EOC 
500 

The scale factors for V, VI' and V
2 

are 1/500 m.u./mv); therefore 

and 

4. Time Scale 

v 
- 50.0 

(22) 

(23) 

The simulation must run considerably slower than the physical system; therefore, 
time scaling is required. A time scale factor 

5 seconds of machine time 
~ = nanosecond of problem time 

was selected to obtain reasonable potentiometer settings. Since the maximum 
clock frequency, w (as shown in Table XIII-9) is approximately one rad/ns, the 
value of ~ selected results in a computer frequency (w ) of 

w 
w=-= 

~ 
i = 0.2 rad/sec of machine time 

A frequency of this magnitude is ideal for the analog computer, and insures that 
the frequency limitations of all components will not be exceeded. 

5. Programming 

The mechanization of the scaled equations is shown in the computer diagram 
of Figure XIII-20. Their associated potentiometer and amplifier sheets are con­
tained in Tables XIII-II and XIII-12. 

Two items of interest should be noted: 
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Figure XIII-20: Analog Computer Circuit Diagram 
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a) The programming of the diode function generators (DFG) which 
simulate the diode characteristic curves 

b) The algebraic loop formed between amplifiers 4 and 5. 

6. Algebraic Loop 

A simple unscaled circuit representation for this algebraic loop is 

el------I 

M 

whose overall loop gain, K, must be less than one for stability. Since 

K = 

which is always less than one, the loop is stable (Reference 8). Note that the 
loop gain of an algebraic loop is independent of scaling. 

7. Generating the Characteristic Curve 

The tunnel-diode characteristic in Figure XIII-18 presents a problem in function 
generation no matter which simulation method is used. 

On an analog computer, the best approach is the straightforward use of a standard 
diode function generator (DFG) which uses biased diode networks to approximate a 
curve by straight-line segments. On the TR-48 variable-breakpoint DFG, ten seg­
ments are available. The breakpoints (corners) of the curve may be varied so as 
to group many short straight-line segments together where the graph is straighter. 

Inspection of the curve (Figure XIII-18) shows that the slope at the origin (which 
must be set by the "center slope" potentiometer in the DFG) is very great o Fur­
thermore, the function curves vary sharply (i.e., has a large second derivative) 
near the first peak. This indicates that very great changes in slope will be 
necessary at each breakpoint. Since variable DFG's are limited with respect to 
the slope change obtainable at a single breakpoint, it is advisable to tabulate 
the necessary slope changes to see if the slope capability of the DFG is exceeded. 
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This tabulation appears in Table XIII-13. The function is tabulated at ten 
breakpoints (which is the number of breakpoints available on the TR-48 DFG) 
and two endpoints (0 and .95 M. U. ). Subtraction and division yield the slopes 
in column 3, and a second subtraction yields the slope changes in column 4. 

The TR-48 DFG is designed to produce a maximum center slope of ± 2 units per 
unit and a maximum slope change of ±.l unit per unit' at each segment. Inspec­
tion of column 4 indicates that these figures are exceeded by a factor of over 
8 to 1 at some points. Therefore, the DFG gain must be increased. This can be 
done by using a potentiometer in the feedback path of the DFG output amplifier. 
If the potentiometer is set to 1/10, then the maximum obtainable slopes become 
20 units per unit center slope and 10 unit per unit slope change per segment, 
which is more than adequate to generate this curve. 

The fact that this "slope amplification" was necessary indicates that this is a 
difficult function to generate accurately with straight-line segments. Accord­
ingly, one would expect the DFG to exhibit a much larger error in generating 
this function than would be the case with functions that curve less sharply. A 
rough calculation indicates that the maximum error is about .005 units (0.5% of 
reference). Since the original curve is empirical, and depends upon the 
particular tunnel diode selected for measurement, this accuracy is sufficient. 

8. Static Check 

For static check calculations, convenient values are selected for all integrator 
output signals (in this case II' 1

2
, VDl' and VD

2
) , and for the driving functions, 

VI' V2 and lin. These values may be chosen arbitrarily, but they should be small 

enough to avoid amplifier overloads, and large enough to provide amplifier output 
signals that can be measured with reasonable accuracy. The values chosen were: 

II +25 rna. 

12 = +25 rna. 

VI +50 mv. 

I = +1.0 rna. in 

VDl = 

VD2 = 

V
2 

+50 mv. 

+50 mv. 

-V = -50 mv. 1 

Parameter values are the same as those for the first run. The values for all 
variables may be calculated from equations 1-10. These values are given below. 

+49.2 rna. +49.2 rna. 

24.2 rna. -24.2 rna. 

V = +8 mv. out 
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Table XIII-II: TR-48 POTENTIOMETER ASSIGNMENT SHEET 

POO-P29 

DATE b/,/h3 PROBLEM Tu~blE"= DI()DE 
I I 

SETTING STATIC 
SETTING POT PARAMETER CHECK POT 

NO DESCRIPTION STATIC OUTPUT RUN NOTES 
NO CHECK NUMBER I 

00 2 LL/S .160 to.166 00 

01 2 L l./5 ·160 -0.13+ 01 

02 2M/5 0.000 0·00 02 

03 2M/5' 0·000 0.00. 03 

04 1/10/3 .020 -0.20 04 

05 II RL .125 -0.02 05 

06 r IN /50 .020 +0.20 06 

07 l/IOOC l (] .200 -0.97 07 

08 1/100 Cl/i .200 +0.97 08 

09 .640 -6.40 STATIC CHECK I.C. 09 

10 w/;9 .188 -1·88 10 

I I 4//(8 ·188 -\ ,20 II 

12 4-1/3 ·800 +0,83 12 

13 4/(3 ·800 -0·67 13 

14 14 

15 rl/lO ·300 -1.50 15 

16 r)./(o ·300 +1.50 16 

17 A/SOO ·250 +1.60 ,260 17 

18 Eoc /500 ·260 -2.60 18 

19 19 

20 '150 I l (0) .500 -5.00 20 

21 ,/so 112 (0) I .500 +5.00 21 

22 lJsoo VOl (0) ·100 tl.OO 22 

23 '/soo lVpl. (0)' ·100 -1.00 23 

24 24 

25 '110 .100 ..,. o.9R / He Rf. R~£.') D1=G GAIN 25 

26 '/10 ./00 -0.98 / tVCJfE Il()£'\ f) t="G GA ItJ 26 

27 27 

28 28 

[)< SWtTCH # I LEFT 29 

M654 
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6/1/63 

ELECTRONIC ASSOCIATES INC. 
RE5EARCH AND COMPUT AllON DIV. 

Box 582, Princeton, N.J. 
TR - 48 AMPLIFIER ASSiGNMENT SHEET 

AOO- A23 TUNNEL DIODE DATE ____________ _ PROBLEM __________ _ 

STATIC CHECK 
AMP OUTPUT 

CALCULATED MEASURED NOTES 
NO. FB VARIABLE 

DERIV. OUTPUT DERIV. OUTPUT 

00 PART OF DFG Use input 
Rp!=:i!=:tor!=: with ()6. 

01 
H +ID,/SO +.984 

02 I +t +.020 +1.000 

03 - -1 sin UJt -.640 

04 
. 

H -1,/2000 +.1037 
. 

O~ H +1
2

/2000 -.0837 

06 I -1 cos Wt +.120 -1.000 

07 I +1 sin Wt +.188 +.640 
Use Input 

08 PART OF DFG Resistors with OS 

09 H - IDt'j50 -.984 
" 

10 - -1,/50 -.SOO 

II - +12/50 +.SOO 

12 L +Ic,/50 -.484 

13 L -Ic?/SO +.484 

14 I -VD1/SOO +.968 -.100 

15 7 +VD2/S00 -968 +.100 

L V1 -Y2 
+.100 16 - =--

SOO SOO 

17 H -VOUT/SOO -.016 
• 

18 - V2/S00 -0100 

19 

20 I +,I1/SO -.830 +.SOO 

21 f = --I') /SO +.670 - .SOO 

22 ! , 
":''=-.~~'''''''--'''' -, 

23 
.-

M653 -34S-:-



I 
W 
+' 
0'\ 
I 

INPUT 

G~oJ 
, 

0 

.035 

.085 

0.110 

0.145 

0.285 

0.385 

0.620 

0.790 

0.855 

0.900 

0.950 

Table XIII-13: Set-Up Table for Variable DFG 
units 

OUT/?'U:r SLOPE IN un~t - Change 

GgJ ~[:~ J in 
Slope 

~G~o] 
Units/unit 

0 

0.581 1.66 

0.934 0.71 0.95 

0.993 0.24 0.47 

0.936 0.16 .08 

0.367 0.41 0.25 

0.169 0.20 0.21 

.089 0.23 .03 

0.156 .04 0 .• 17 

0.320 U.25 0.21 

0.675 0.800 0.55 

1.200 



The derivatives may be calculated from equations 11, 12, 4, and 5. These are: 

. 
VDl = VD2 = -2420 millivolts/nanosecond 

II -207.50 milliamps/nanosecond 

12 = -167.50 milliamps/nanosecond 

All variables that have been calculated now can be translated into amplifier 
output units. These units appear on the amplifier assignment sheet (Table 
XIII-12). They may be checked against values calculated on the dircuit diagram 
(to check the programming and scaling), and later checked against actual measured 
units on the computer (to check the patching and the functioning of the com­
ponents). For integrators, the checkpoints should also be calculated and mea­
sured. (The checkpoint of an integrator is minus the sum of its input units. 
It may be read out by patching the summing junction of the integrator temporarily 
to the summing junction of a summing amplifier that is not being used in the pro­
blem. These calculated values are also tabulated in the amplifier assignment 
shee t. 

The initial condition inputs marked "Test" are for static test purposes only and 
not for the actual run. They should be removed prior to the first run. 

Note that the static test value of the mutual inductance, M, is zero. This value 
was chosen to break the algebraic loop in the static test mode since, otherwise, 
it would be very hard to troubleshoot. However, this static test value does not 
check the algebraic loop itself and a supplementary test should be included with 
M ~ O. For this supplementary test, we may as well assume that the artificial 
initial conditions on voltages and currents are zero except for VI and V2 since 
this part of the circuit has already been checked by the main static check. 
Equations 1 and 2 then become: 

VI Ll II MI 
2 

-V = L 
2 2 12 - MI 1 

Solving by determinants: 

II 

Vl L
2 

- MV2 
12 

-LlV 2 + MV 1 
= M2 = L L - M2 LlL2 - 1 2 

If we let VI = 50 mvo, V2 = -50 mv., Ll = L2 = 0.4 nanohenry and M 
henry, the il = i2 = +250.0 milliamps/nanosecond. 

0.2 nano-

The output of amplifier 04 should be -il/200 = - .125 M. IU., and the output of 
amplifier 05 should be +.125 M. U. 
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9. Results and Conclusions 

The switching transients and output waveshpaes for constant input current are 
shown in Figures XIII-21 and XIII-22. Note, in particular, that at 300 megacycles 
the output voltage goes through an initial oscillation before switching. The 
output is high for only a short period of time late in the bias cycle. At 150 
megacycles, the output rises much more sharply and gives a good waveshape. Opera­
tion at 300 megacycles is possible, but marginal. Further experimentation 
with the model indicates that for reliable operation with sufficiently large 
fan in/fan out capability, the circuit should not be operated above about 200 
or 250 megacycles. 

200 

100 

0 

200 

100 

0 

f= 150mc 

0 2 3 4 5 6 7 
time - nanoseconds 

Figure XIII-2l: Output Waveshape of Switching Circuit at 150 Megacycle 
Clock Frequency 

f = 300 mc 

0 2 3 4 5 6 7 
time - nanoseconds 

Figure XIII-22: Output Waveshape at 300 Megacycle Clock Frequency 
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It is significant that a preliminary pencil-and-paper analysis indicated that the 
system ought to operate at frequencies up to 1000 megacycles. As shown, however, 
a circuit designed to operate at this frequency would not function properly and 
would be extremely hard to troubleshoot due to the circuit loading of the measur­
ing device s. 

Of course, on-line devices are available for producing graphical readout from a 
digital computer. Some of Herzog's graphical results were obtained by oscillo­
scope photography. Although this method eliminates the tedium of point-plotting, 
it is messy and time-consuming and offers limited resolution. Perhaps the best 
form of readout, and certainly the most convenient, involves the use of a digital­
to-analog converter and an analog X-Y plotter. While this method is acceptable, 
it requires expensive conversion equipment to translate the data into analog 
voltages for plotting. Such conversion equipment is unnecessary with the TR-48 
computer since the signal is an analog voltage in the first place. 

Since only about half of the computing capacity of the TR-48 computer is used, 
the simulation easily can be expanded to take additional effects into account. 
Herzog's equations assumed a constant current input and ignored the fact that the 
load is not purely resistive. These simplifications could easily be removed on 
an analog simulation by addition of a few more amplifiers and potentiometers. On 
a digital computer, any additional complexity in the equations would increase the 
running time. 

An attractive alternative, for example, would be to simulate an additional tunnel­
diode circuit on the analog computer and feed the output of the first into the 
second. This would enable the designer to determine how flat the output waveshape 
of the first circuit would have to be in order to trigger the second successfully. 
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CHAPTER XIV 

FACTORS IN PLANNING AND OPERATING AN ANALOG LABORATORY 

A. Introduction 

In establishing an analog facility, a number of important decisions and 
choices must be made. The purpose of this chapter is to comment on the 
principal factors that must be considered and to make appropriate sug­
gestions based on the experience of Electronic Associates, Inc., and 
others. 

B. Justification for an Analog Facility 

The major justifications for obtaining analog computers are both technical 
and economic. The technical justification is, in a broad sense, based on 
solving problems whose solution can be obtained only via electronic compu­
tation. The cost justification must answer the question, "Will the 
computer provide needed information more efficiently, effectively and 
economically than any other method currently available?" 

In formulating a cost justification, one must realize that the efficient 
use of analog computers will decrease design and construction costs and 
increase productivity of new and existing processes. These are long 
range factors, but their consideration reduces the overall cost of an 
analog facility if one adopts a far-sighted viewpoint. 

Additional justification factors are 

1) Utilization: Although technical applications exist, are 
they sufficient in number to justify a computer purchase? 
Can my problems be solved more economically by renting 
time at a computation center? 

2) Computation Time: When solution speed is an urgent factor, 
an analog computer may provide information sooner than other 
methods even though, under circumstances, it might not be the 
only or least expensive method of solution. 

C. Choice of Analog Equipment 

The choice of equipment involves not only the size of the computer but 
the relative numbers of each component. Although the selection must be 
based on specific requirements, typical applications in related areas are 
frequently helpful in providing guidelines. For example, in aircraft 
problems, trigonometric resolvers usually are required, while they seldom 
are found in a computer in a chemical facility. In chemical engineering 
problems, however, log function generators are particularly important 
components. The equipment requirements for a number of small problems 
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(less than twenty amp1ifiers) is shown in Table XIV-l (2). It 
can be used to obtain insight into component requirements for particular 
applications and estimates of t~ ratio of linear to nonlinear equipment 
requirements. 

As problem complexity and size increase, computer facilities, in turn, 
have grown rapidly in size, speed and flexibility as shown in Figure 
XIV-l (3). More specific illustrations of the size ~f ~etr~-che~ical 
analog facilities are shown in Table XIV-2 (4) and WLlllams estLma~e 
of an analog facility is contained in Table XIV-3 (5). The latter Lllus­
tration includes computer personnel, which will be discussed later. 

These illustrations also point out the importance of obtaining basic 
computer equipment which has the flexibility of adding more equipment or 
making modifications. Equipment should incorporate provisions for both 
electrical and mechanical expansion. 

D. Buildings and Floor Space 

The size of a computer installation will, of course, dictate the size of 
the laboratory required. It is necessary to provide adequate space behind 
the equipment for service access, and in front of the equipment for the 
usual recorders and plotters. Additional space should be allotted for 
chart-examination tables, a station for the convenient patching of panels 
and storage space for panels. Either in the laboratory or immediately ad­
jacent to it should be a shop area for the servicing of equipment. Nearby 
should be the offices of staff members. 

Of prime importance in the laboratory is adequate electric power; 50KW 
is typical for vaccum tube computers. The power requirements of transistor­
ized computers are much less, wnich also reduces air conditioning or cooling 
requirements. For example, two transistorized PACE TR-48 Computers (96 
amplifiers) drain less than 300 watts and require no air conditioning, 
while a PACE 23l-R vaccum tube computer (120 amplifiers) has a 6.5KVA 
power requirement, necessitating air conditioning. 

In addition, power is required for tools, lighting, cooling or ventilation, 
and for other purposes. Ordinarily, three-phase wiring is used for effi­
ciency of distribution; most computers, themselves, are single phase, however. 
Power requirements for the apparatus will be specified by the manufacturer. 
It is also important that the line voltage be reasonably stable and free 
from spikes or transients. If transients are being caused by some nearby 
apparatus such as an arc welder or a large motor, it may be necessary to 
install independent transformers and perhaps voltage regulators. 

Ventilation and cooling for the equipment will be specified when needed. 
Exhausting the heat from the equipment and from the room is extremely 
important; the means for doing this should be carefully planned. 

Floor loading also should be considered in terms of the weight of the 
equipment and the construction of the building that will house it. 

More detailed information about physical facilities is available in the 
literature (6), and from computer manufacturers. The physical descrip­
tion .. sheet shav n in Figure XIV-2 is typical of manufactul!'ers literature. 
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- Amplifiers - - - Multipliers -
Summers Function Poten- Func-

Prob- Inte- or In- If If E1ec- Strip Genera- tio- Di- tion 
1em No. grators verters Servo tronic Chart x-y tors meters Relays odes Switches 

t-3 
III 1 2 X 3 cr' 
I-' 2 2 X 4 CD 

:>< 3 4 2 X 7 4 
H 

4 2-3 1-3 X X 3-6 < 
I 

5 4 2 X X 5 I-' .. 
6 2 4 X 5 2 

t%j 7 4 2-4 X 4 
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8 8 4 X 10 c 
1-" 9 2 2 X 6 '"0 
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Ii 12 4 2 X 6 2 
I CD 

13 11 15 X 2 
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V1 c 14 2. 3 X 3 1-" N Ii 2-4 I CD 15 2 2 1 1 X 

0.. 16 4 6 2 4 X 9 
rt 

17 5 4 1 2 X 12 5 0 

C/) 18 2 3 1 2 X 1 2 
0 19 2 2 1 1 X 5 I-' 
<: 20 4 6 1 2 X 14 CD 

t%j 21 4 14 3 5 X 1 21 
X 22 3 8 2 2 X 10 4 III 
S 23 7 7 4 8 X 7-14 '"0 
I-' 24 3 6 4 5 X 6 CD 

I"tf 25 8 8 2 3 X 20 4 2 
Ii 26 3 12 1 1 X 15 0 
cr' 

27 4 14 2 4 X 15 I-' 
CD 

28 11 20 1 5 X S 
en 

29 4 3 1 1 X 3 
30 3 3 1 1 X 5 
31 2 6 1 2 X 2 



Table XIV-la: 

Some Example Problems Suitable for Small-Scale Analog Computation 

A. LINEAR SYSTEMS - NO FUNCTION GENERA­
TION OR MULTIPLICATION REQUIRED 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

Falling body subject to gravitation-
al force, no air resistance (11). 

Falling body subject to a gravita­
tional force and subject to a resis­
tive force proportional to velocity(ll) 

Simulation of the action of a bounc­
ing ball (1, 10). 

Vibrations in a mass-spring-damper 
mechanical system (7, 10, 11). 

Forced vibrations in a mass-spring­
damper mechanical system (11). 

Vibrations in a mass-spring- damper 
system with elastic stops (6) 

Oscillations of a tuned torsional 
pendulum (1, 10). 

8. Modes of vibration of a cantilever 
beam subjected to tip displacement(13) 

9. Consecutive and reversible first­
order chemical reactions (14). 

10. Loading on a bridge caused by a 
vehicle (8). 

11. Mixing of chemical solutions in a 
series of well-stirred tanks. Exam­
ple shown is for two tanks (11). 

120 Simulation of an isothermal catalytic 
reactor with a first-order reaction 
and axial diffusion only. Steady 
state operation (7). 

13. Process dynamics of a shell and tube 
heat exchanger (16). 

14. Dynamics of a high speed adaptive 
control system (10). 

B. NONI·;1]~AR SYSTEMS - MULTIPLICATION 
AND lOR FUNCTION GENERATION REQUIRED. 

15. Falling body subject to a medium whose 
resistance is proportional to the 
square of the velocity (11). 

16. Trajectory of a bomb or artillery 
shell (1, 10). 

17. Trajectory of a long-range ballistic 
missile, including firing and ballis­
tic phases of programmed flight (10). 
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18. 

19. 

20. 

21. 

22. 

Vibrations in a mass-spring-damper 
system with a nonlinear spring constant 
and either elastic or inelastic stops(15) 

Composition in a well-stirred tank 
with different input and output com­
positions (11). 

Kinetics of a set of simultaneous 
and consecutive second-order reac­
tions (10). 

Simulation of a tubular reactor with 
a first-order reaction. Temperature 
and composition profile of reactor 
calculated vs. length (7). 

Simulation of the intake, exhaust 
and cylinder system of a reciprocat­
ing gas compressor (7, 10). 

23. Dynamic characteristics of a distilla­
tion column. Example shown is for 
three plates (7). 

240 Determination of the shape of the 
liquid zone in the zone-refining of 
metals or the shpae of unsupported 
liquid drops (13). 

25. Simulation of the pressure control 
in a pneumatic system (7). 

26. Automatic control of the temperature 
in a heat transfer process consisting 
of a well-mixed kettle and jacket (10). 

27. Automatic control of the output of a 
reaction process consisting of a well­
stirred reactor and a second order 
process (10). 

28. Automatic control of a shell and tube 
heat exchanger (16). 

29. Solution of Mathieu's equation, 
y + (a-2q cos 2t) = O. (17). 

30. Solution of Legendre's equation, 

y (1-t 2) -2t y + n (n+l)y = o. (6). 

31. Solution of van der Pol's Equation, 

x - A(1_x2) x + x = 0 
A = 0.6 (13)0 
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Company 

Dow Chemical Co. 
Midland Division 

Midland, Mich. 

Texas Division 
Freeport, Tex. 

E. I. du Pont de Nemours & Co. 
Newark, Del. 

Experimental Station 
Wilmington, Del. 

Monsanto Chemical Co. 
St. Louis, Mo. 

Ohio Oil Co. 
Denver, Colo. 

Humble Oil & Refining Co. 
Baytown, Tex. 

Baton Rouge, La. 

Esso Research & Engineering 
Co. 

Florham Park, N.J. 

American Oil Co. 
Whiting, Ind. 

Standard Oil Co. (Ohio) 
Cleveland, Ohio 

Union Carbide Olefins Co. 
South Charleston, W.Va. 

Thiokol Chemical Corp. 
Brigham City, Utah 

Phillips Petroleum Co. 
Bartlesville, Okla 

Chemstrand Corp. 
Decatur, Ala. 

Shell Oil Co. 
Shell Chemical Corp. 

New York, N.Y. 

Shell Development Co. 
Emeryville, Calif. 

Hercules Powder Co. 
Wilmington, Del. 

Daystrom, Inc. 
La Jolla, Calif. 

Year 
Acquired 

1954 
1961 

1956 
1961 

1950 
1955 
1958 
1960 
1960 

1957 
1958 
1959 

1957 

1960 
1961 
1959 
1960 

1959 
1959 
1960 

1960 

1955 
1957 

1955 
1957 
1961 

1956 
1958 

1959 

1959 

1959 
1960 

1960 

1960 

1956 
1957 
1960 
1960 

1960 

1960 

Number of 
Amplifiers 

20 
140 (on 
order) 

30 
80 (on 
order) 

30 
50 

120 
300 

70 

116 
24 
88 

56 

80 
80 
80 
40 

40 
40 

80 (enlarged 
unit) 

80 (enlarged 
unit) 

168 (enlarged 
unit) 

90 
10 

170 (enlarged 
unit) 

30 
60 (enlarged 

unit) 
60 

168 

80 
80 

80 

120 

24 
24 
10 
10 

44 

100 

Manufacturer 

Beckman (Berkeley) 
Electronic Associates 

Daystrom (Heath) 
Philbrick 

Beckman (Berkeley) 
Beckman (Berkeley) 
Electronic Associates 
Electronic Associates 
Computer Systems 

Electronic Associates 
Electronic Associates 
Electronic Associates 

Electronic Associates 

Electronic Associates 
Electronic Associates 
Electronic Associates 
Electronic Associates 

Electronic Associates 
Electronic Associates 
Electronic Associates 

Electronic Associates 

Electronic Associates 
Electronic Associates 

Beckman (Berkeley) 
Beckman (Berkeley) 
Beckman (Berkeley) 

Electronic Associates 
Electronic Associates 

Electronic Associates 

Electronic Associates 

Electronic Associates 
Electronic Associates 

Electronic Associates 

Electronic Associates 

Goodyear 
Goodyear 
Donner Scientific 
Donner Scientific 

Beckman (Berkeley) 

Computer Systems 

Table XIV-2 - Petro-Chemical Analog Computer Installations* 

*Chem. & Eng. News; 34; pg. 118; Feb., 1961 -356-



Table XIV-3: Analog Computer Facility in the Chemical Process Industry 

Computer Components 

Operational amplifiers 

Multiplication channels 

Instructional 
Use Only 

10-20 

1-2 

Function generation channels 1-2 

Operational relays 1-2 

Function switches 3 

Separate control consoles 1 

Plotting channels (x-y) 1 

Plotting channels (x-t) 2-4 

Repetitive operation yes 

Computer Personnel 

EE or ME (MS or equivalent.) 1 

ChE (MS or PH.D.) 

Computer repairmen 

Shop arrangement Open 

Instrumentation 
Response & Design 

15-50 

2-5 

2-6 

6 

6 

1 

1 

6 

if desired 

1-2 

1 

Open 

Control System 
Response; Some 
Process Dynamics 

40-100 

10-30 

5-10 

12 

12 

1-2 

3 

12 

if desired 

2-3 

2-3 

1-2 

As desired 

(Courtesy of Chemical Engineering, p. 121, February, 1960) 
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Complete 
Simulation of 
Chemical 
Process Systems' 

80-200+ 

50-100+ 

25-50+ 

25-50+ 

25-50+ 

2-3+ 

3-4+ 

18 

if desired 

3-6+ 

6-8+ 

2-3+ 

Closed 
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Weight, Uncrated ................ 1800 lbs (typical) 

POWER REQUIREMENTS 

55 Amps at 117Y*, 60 cps (approx. 6.5 K Y A 

COOLING AIR 

CFM Req'd = ___ 4.:..;0~,..::..:00::...;:0:.....-_____ * 
100 (input air temp, of) 
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85°F Max., 65°F Min. 
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Figure XIV: Typical Physical Description Sheet 

-358-



Finally, one should consider the operating positions of the computers. 
If it is likely that many large problems will be solved, the computers 
should be relatively close together. On the other hand, if several 
small problems are to be solved simultaneously, then the relative separa­
tion of computers is desirable to prevent operating personnel from disturb­
ing each other. 

E. Manpower 

Staff requirements will depend on the objectives of the facility and on its 
relation to other groups that may exist in the same organization. In many 
industrial organizations, the computer group functions as a service faci­
lity for many technical groups. It may simply take problems that are 
already formulated, perform specified operations on them and return the 
results to the originator. In other organizations, the members of the 
computer group begin work on a particular problem a considerable time before 
it reaches the computer, assist in formulating it, bring it to the computer, 
use the background gained to make the running efficient, assist in analyzing 
the result and may assist in writing a report. Another type of operation 
exists in some organizations where the computer is merely a tool available 
to each and every engineer; the only staff for the computer itself consists 
of maintenance personnel. 

On the assumption that members of the computer group will be active on 
problems, the following types of personnel are needed: 

1. Problem engineers. These should be graduate engineers or 
the equivalent. They should have a background in their in­
dustrial field adequate for understanding the range of 
problems encountered, and should be thoroughly familiar with 
the computer. 

2. Maintenance technicians. Men with prior service experience 
on analog computers are often difficult to find. In general, 
a few years experience in a field such as television or 
radar, together with a solid foundation of electronic fundament­
als, provide a man with an adequate background for computer 
maintenance. The number of technicians needed depends on 
many factors and is hard to estimate in advance; in an active 
facility, a useful approximation would be one technician per 
computer. If the maintenance group is large and has auxiliary 
duties such as design or evaluation of computer equipment, 
it may be headed by an engineer. 

3~ Secretarial help. 

4. Administrative help to handle business matters, library, per­
sonnel, supplies and auxiliary services. 

F. Computer Maintenance 

In modern, general-purpose analog computers, the majority of the computing 
units are of plug-in construction. This fact is of considerable importance 
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from the maintenance standpoint for, when a unit fails, it may be re­
placed very rapidly with a spare unit; the interruption to computer 
operation need only be very brief. The repair and check-out of repaired 
equipment is best accomplished using a "test rac~', which is a small 
computer designed for maintenance purposes only. Its use reduces inter­
ruption of computer operation; it is used simply to serve as a source 
of power and control for testing equipment. 

Very necessary to this concept, of course, is the establishment of a stock 
of spare units. The cost of the spares must be balanced against the value 
of the computational time lost after a failure if an immediate repair 
cannot be made. In addition, component parts necessary for possible 
repairs of these and any remaining units should be listed and accumulated 
insofar as possible. Repair of a malfunction within a unit may be accom­
plished in the shop after replacement. The repaired unit is tested and 
then becomes the new spare. 

To ensure that each equipment failure is followed up, and that information 
regarding such failures is available later for evaluation and action, 
it is important that adequate records be kept. For example, a procedure 
should be used whereby a detailed sheet follows the progress of the 
repair, including the substitution and the subsequent repair. Valuable, 
also, is a set of unit record cards which provides an historical picture 
of each unit: receipt, initial tests, repairs, routine tests, etc. It 
is recommended that testing of units on a routine basis be done without 
removing them from the computer. 

Additional maintenance comments are available in the literature (7). 

G. Preventive Maintenance 

To insure that analog computers are performing correctly at all times, 
and to minimize time lost due to component failures, a periodic check 
of individual components is recommended. The method and frequency of 
preventive maintenance checks required of each component normally can 
be obtained from its manufacturer. 

A typical preventive maintenance schedule for a 400 amplifier facility 
is shown in Table XIV-5 (8lj. 
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Table XIV- 5: Preventive Maintenance Schedule 

Equipment Frequency of 
Testing Wk. 

Amplifiers. . ... . . . . . . . . . .. 7 

Servo multipliers ........ 7 

Digital Voltmeters ....... 7 

Eight-channel recorders .. 7 

Power supplies ........... 7 

Varip1otters ............. 4 

Summing relays ........... 4 

Equipment Frequency 
Testing Wk. 

Stepping switches........ 4 

Refer~ncebalancc ........ 12 

Resistors. . . . . . . . . . . . . . .. 12 

Capacitors ............... 12 

Noise generator .......... 24 

Electronic multipliers ... 24 

Test instruments ......... 24 

(Courtesy of Chemical Engineering, p. 103, April 1963) 

As a result of implementing this schedule, a total of 99.6/" of the total 
scheduled computer hours was available over a four-year period. Prewired 
preventive maintenance patch panels also are effective in reducing mainten­
ance downtime. 
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APPENDIX A 

LAPLACE TRANSFORMS 

The Laplace Transform is a mathematical tool of great use in obtaining analytical 
solutions for linear systems. Its importance arises from the property that the 
ordinary differential equations which describe the system's dynamic behavior are 
transformed into algebraic relations which are much easier to solve. As analog 
computer users, we are not so much interested in the use of this mathematical 
technique but in its notation. The definition and table below demonstrate the 
notation. 

1) 

2) 

3) 

4) 

5) 

6) 

7) 

8) 

9) 

10) 

00 

Definition: :e. ~(t~ = F(s) = te -st f(t)dt 

A 

t 

f(t) 

n-l t 
(n-l) ! 

at 
e 

sin at 

cos at 

df 
dt 

t 

f f(x)dx 
o 
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F(s) 

Als 

l/s2 

llsn n = 1,2, ... 

_I_ 
s-a 

1 
(s-a) n n = 1,2, ... 

a 
2 2 s + a 

s 
2 2 s + a 

sF (s) - f(o) 

n-l dn-l~ s~(s) - s f(o) - •.• - n-l 
dt t=o 

E..W. 
s 



f(t) 

11) t 
f f(t-x) g (x) dx F(s) G(s) 
0 

12) f(t-b), t~b e-bs F(s) 

o , t< b 

As an illustration, consider the equation 

y + 2 y + y = 0, y(o) = 1, y(o) = 0 

The transform of each term is taken individually as 

,;t, [:;; J = s2 Y(s) .. sy(o) - y(o) 

~ [YJ = s Y(o) - y(o) 

;t' [yJ = Y(s) 

Thus, we have 

or 
Y = ____ s__.,;+_.,;;;2;,....­

s2 + 25 + 1 

1 
= s + 1 + 

from which we obtain by numbers 4 and 5 

-t -t -t y(t) = e + te = (1 + t)e 
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A knowledge of Laplace transform techniques is helpful to the engineer using the 
analog computer because it permits the rapid analysis of almost all kinds of 
linear systems. This capability is an asset if simplified models of systems of 
interest are to be used as checks of computer solutions. Familiarity with 
transfer functions (see Chapter VI) and their corresponding computer circuits 
is often helpful in estimating the behavior of a system. 
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APPENDIX B 

TRANSFER FUNCTION CIRCUITS 

The purpose of this Appendix, which is subdivided into two tables, is to 
summarize a selected number of passive element and analog computer transfer 
function circuits. The selection of these circuits was determined by the fre­
quency of their occurence in practice, and by their ability to combine with each 
other to simulate more complex transfer functions. More extensive tables of this 
type are readily available in the open literature, and suitable references may 
be found in Chapter VI. . 

Table B-1 Analog Computer Transfer Function Circuits 

No. Bode Plot 

x 

I 0 ---------- Y - = X 
K 1" T 

x-----'"'" 

2 0 --------- Y - = I X K 
if 

,.,/ I -
T 

I 

Transfer 
Function 

K 
+ Ts 

A 

Ks 
+ Ts 

A 

B 
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Time 
Constants 

-y 

T = I -
A 

K = B 
A 

-y 

T = I -
A 

K = BT 

Gains 

A = I -
T 

B = !S-
T 

A = I -
T 

B =!S. 
T 



X---4 

3 0 -------- X. K(T2s + 1) 

X TIs + 1 1/\ K 
//r:z. 

4 o -------- X. _K(TI s + 1) 

X T2s + 1 
I~ 

~r, K 
I 

K _ X. 
(TIs + 1) (T2s + 1)- X 

5 o ----------
11T1 
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T1 

T2 
K 

Tl 

T2 

K = 

">---- -y 

= 1 A = B + 1/T2 
A-BC 

c-(~ = II (A-B) 
- BTIT2 1 

= T1D/T2 
D = K T2/T1 

= 1 A = I/T2 
A - B 

B - TI - T2 
= 1/A 

TIT2 
T2D 

C = 0 -
T1 

D = KT1 
--

T2 

>--.---y 

A = 11T1 

B = 1/T2 

C == K/T2 



x--...... ---1 -y 

I 

1/T1 KZ 
T1 l/A A o ------,-

y/X = s 

1/T2 

6 

(T1 s+l) (T
Z

s+1) T2 l/B B = K/T1T2 

K C/AB C = K/T1T2 ~ T1. 

x 

y -- -
X 

Ks K A 
T = l/~ 

A = K 

B == 1/T2 

7 

h 21B C 2h -
T 
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2 
K (8

TI + IL, K Ale A K.TI/Tz 
B = 1/T1 

8 X = 
T1 = lIB T2 8 2 + 2hT2s+1 

2 
X 2 

T2 = II BC C = T1/T2 
h = DT2/2 

D = 2h/T2 

- -

-
(T Z 8 

2 
+ 2h T 8 + 1) 

K = Ale A eK 9 X. K 1 1 1 = 
TI = 1/t{BE 

B = T2 _ 
X ;2s2 + 2 h T 8 + I 

2TI(h2TI-hIT2) 
2 2 2 

h = D -E 
I 2 "'BE 

e = Ti/T~ 
T = 1 

2 I./BCE 
D = 2h2/T2 

h = D 

h h ) 2 2,JECE E - 2(-1--1 
T2 TI 

-
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Table B-11 Passive Element Transfer Impedance Functions 

No. 
Transfer Impedance 

Network Parameter Relationships Function 
R 

1 E =K E --vvY--:J) K = R 
I 

-=-1 
E 

~ K/S 1/c 2 1 C K = 

E I I ~I 
3 

E 
K R K = R 

I = 
1 + TS E~I T RC = 

E 
4 I =K (1 + TS) E~ K = 2R 

R R 
I C -=-I T = RC 
- 2 -

E 
{1 + T 9 S 2 ~ 5 I ;:;K K = R1 + R2 

(1 + TS) Rl R2 T = R2C 
() <1 E /\/\r ~-. 

C I-.L 9 = R1 
r~ -=I R1 + R2 

! =K(l + TeS) K = R1 
6 A v 

I 1 + TS Rl T = (R1 + R2) C 
E~ .. ---j) 

9<1 R2 
I 

9 = 
-¥ 

d 
-=I R1 + R2 

R2 

E 
~,f\./'v 

K = 2RIR2 
7 -= 

K (1 + TS ) I 
1 + T9S E ----4 R2 ~-l) 2 Rl + R2 

9 < 1 ~ AR- 2R v.l v _I T = RIC 9 = 1 
::r:: C - -2-) 2R1 + -

K = 2Rl 
8 E 1 + TS E 

~'1' it 
1 = 1 + T9S Rl Rl T = (R2 + Rl) C 

R2 -=-r 2 
9 < 1 C I 9 = 2R2 -- 2R2 + R1 
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9 E _ 1 + TS ) 
1- K ( 1 + QTS 

Q < 1 

E K(1 + T2s) 
10 -

I-~(-1-+-T-1-S-::)~(~1:-;-+-;T;-3-:S) E 

11 E K (1 + TS) 
Y= TS2 

R R 

I 

T 
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K = 2R 

T = R (C 1 + C2) 2 

Q 2C 2 
C1 + C

2 

K = 2Rl + ~ 
-R2 

T3 = R1C2 T1 = R1C1 ; 

R R 
T2 = 1 2 (C

1 
+ C

2
) 

Rl+2R2 

K = 2 
C 

T = 2RC 



APPENDIX C 

DIODE ~ND RELAY CIRCUITS 

In simulating physical systems on the analog computer, it is frequently necessary 
to ~mpose constra~nts. such as absolute values, limits,' etc., on one or more computer 
variables. The purpose of this Appendix is to provide a surrnnary ~f selected diod'2 
and relay circuits which otcur most frequently in practice for imposing these con­
straints. In addition, circuit·s which describe unusual behavior, such as hyste­
resis, are also inc1uded o 

In this collection. of circuits," computer reference voltage level is .represented as 

eR• 
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I 
W ...... 
N 
I 

FUNCTION 

LIMITER 

DIODE CIRCUIT 

E. _____ K~ 
I 

">----..e_- Eo 

E' I 

leL 2 1 

H eR+leL21 
+eR 

FEEDBACK OR "SOFT
It 

LIMITER 

I:~ I 
R 

lEo I ~O.9IeRI 
R ~ lOOK 

BRIDGE OR "HARD" LIMITER 

RELAY CIRCUIT 

I 
+ 

II 

Table C-l: Selected Diode and Relay Circuits 

BEHAVIOR 

Eo 

ROUNDING DUE TO DIODE 
NON- LINEARITIES 



I 
LV 
-....J 
LV 
I 

FUNCTION 

BANG - BANG 

ABSOLUTE 
VALUE 

ZERO 
LIMITING 

DIODE CIRCUIT RELAY CIRCUIT 

+eR ell 
lel 2 1 6R 

eR+ lel~ -eR 

E.------t 
I >---Eo 

E· 1-+--..----1 

Tl--- Eo 

+ 

E.-..... -----I 

E· --------I 
I 

BEHAVIOR 

e - ___ r ____ _ 

II 

... 
-E. 

I 

el 
2 -------- --~ 

- DIODE CIRCUIT 

-- - RELAY CIRCUIT 

-----------~~~~----. , , , , , 
" , 

DIODE DROP - OCCURS IF 
DIODE 2 IS OMITTED 
REVERSE DIODES AND/OR 
CONTACTS FOR NEGATIVE 
INPUTS 
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FUNCTION 

DEAD 
;- SP.A~fi"~ 

H'{ST'ERESI$ 
OR 

~,BACKLASH 

DIODE CIRCUIT 

-e -e 
R R 

o 
k= e + a 

R 

E· I 

Eo 

RELAY CIRCUIT 

+ 
A IA 
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APPENDIX D 

SELECTED APPLICATIONS BIBLIOGRAPHY 

The following list of written material is categorized by both general and 
specific fields of applications. This is by no means a complete bibliography 
of material available. It is felt, however, that these references will, in 
turn, indicate other references of the type desired. 
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Johnson, C. L: "Analog Computer Techniques", McGraw-Hill, 1956 
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Aerodynamics 
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presented at Los Angeles, Mar~~ 1-3, 1955, p. 78 

"Human Pilot Dynamic Response in Flight and Simulator", Seckel, E.: I. A. M., 
McRuer, D. T., and Weir, D. H.: Wright Air Development Center, WADC 
Technical Report 57-520, August, 1958; ASTIA No. AD 130.988 



"Rigid. Body Equations of Motion for Use in Analog Computer Studies of Synunertrcal 
Spinning Missiles", Mangnall, J. J., Electronic Associates, Inc., Compu­
tation Center at Los Angeles, CCLA Report No.3, El Segundo, Calif., 
March 18, 1957 

Chemical and Industrial Engineering 

"Analog Computer Simulation of a Chemical Reactor", Batke, T. L., Franks, R. G., 
and James, E. W.: Instrument Society of America Journal, Vol. 4, January 
1957, p. 14, and Instrument Society of Amer Paper No. 56-7-2 

"Analog Simulation of a Chemical Reactor Temperature Control System", Mayer, F. X., 
and Spencer, E. H., 1960 Proceedings of Instrument Society of America 15th. 
Annual Instrument-Automation Conference and Exhibit, Vol. 15, pt. II, 
presented at New York, September 26-30, 1960, preprint No. 72-NY60, pp. 
72-NY60-l-72-NY60-9 

"Analog Computing in the Chemical and Petroleum Industries, Past and Present", 
Williams, T. J., Industrial and Engineering Chemistry, Vo •. 50, 1958, 
p. 1631 

"Analogical Computing Devices in the Petroleum Industry", Morris, W. L., 
Instrume3ts and Automation, Vol. 22, June 1949, p. 497 

"Modern Computer Analysis for the Design of Steel Mill Control Systems", Reider, 
J. E., and Spergel, P., Transactions of the American Institute of Elec­
tri.cal Engineers, Vol. 76, No. 31, July, 1957, pp. 105-109; discussion, 
pp. 109-110 

Control Systems 

"Analog Computer Applications in Predictor Design", Bates, M. R.,.Bock, D. H., 
and Powell, F. D., IRE Transactions on Electronic Computers, Vol. EC-6, 
No.3, September, 1957, p. 143 

"Optimization by Random Search on the Analog Computer", Munson, J. K., and Rubin, 
A. I., IRE Transactions on Electronic Computers, Vol. EC-6, No.3, 
September, 1957, p. 143 

"Analog Computer Study of Sampled Data Systems", Chestnut, H., Dabul, A., and 
Leiby, D., Proceedings of the Computers in Control Systems Converence, 
presented at Atlantic City, N. J., October 16-18,1957, p. 71, and 
General Electric Technical Information Series, Report 57GL35l, November 
15, 1957 

"Analysis of a Nonlinear Control System for Stabilizing a Missile", Atran, L., 
IRE Transactions on Automatic Control, Vol. PGAC-3, November, 1957, p. 8 

"Missile System Linearization", Favreau, R. R., Electronic Associates, Inc., 
Princeton Computation Center, PCC Report No. 69, Princeton, N. J., 
November 12, 1956 

"Analog Study of Boiler-Reactor Interaction", Borner, E. F., and Cassity, B. F., 
Nucleonics, Vol. 15, No.5, May, 1957, p. 84 
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Discussion, pp. 109-110 

"Jet Engine Simulation for Engine Control Development Work", Sherrard, E. S., 
Proceedings of the National Simulation Council, presented at Washington, 
D. C., December 10-12, 1957, p. 15.0 

"Simulation of Linear Constant-Coefficient Systems by Weighting Function Technique", 
Byck, D. M., Electronic Associates, Inc., Computational Center at Los 
Angeles, PCC Report No. 91, El Segundo, California 

"Direct Measurement of Power Spectra by an Analog Computer", Wonnacott, T. H., 
National Research Council of Canada, Mechanical Engine'ering Report MK-5 
Ottawa, Canada, September, 1959; ASTIA No. 230 392 

"The Generation of Fourier Transforms and Coefficients on an Analogue Computer", 
Harbert, F. C., Electronic Engineering (London), Vol. 32, No. 390, 
August, 1960, pp. 496-498 

"A Multipurpose Electronic Switch for Analog Computer Simulation and Autocorrelations 
Applications", Diamentices, N. D., IRE Transactions on Electronic Computers, 
Vol. EC-5, No.4, December, 1956, p. 197 

"Analog Computer Applications in Predictor Design", Bates, M. R., Bock, D. H., 
and Powell, F. D., IRE Transactions on Electronic Computers, Vol. EC-6, 
No.3, September, 1957, p. 143 

"Evaluation of Complex Statistical Functions by an Analog Computer", Favreau, R. R., 
Low, H., and Pfeffer, I., 1956, IRE Convention Record, Vol. 4, pt. 4, 
March 19-22, 1956, p. 31 

"Random Optimization by Analog Techniques", Favreau, R. R., and Franks, R., 
Proceedings of the Second International Analogue Computation Meetings 
(Brussels), presented at Strasbourg, September 1-6, 1958, pp. 437-443 

"Transport Delay Simulation Circuits", Single, C. H., and Stubbs, G. S., Westing­
house Electric Corporation, Atomic Power Division, Report WAPDT-38 

"Analog Computer Mechanization of a Tilt-Wing VTOL Aircraft", Balsink, E. B., and 
Sovine, D. M., Wright Air Development Division, Air Research and Development 
Command, WADD Technical Note 59-344, Project 1365, Wright-Patterson Air 
Force Base, Ohio, July, 1960; ASTIA No. AD 246-530 

"Simulation of Military Vehicle Suspension Systems", Sattinger, I. J., and 
Therkelson, E. B., National Simulation Conference Proceedings, presented 
at Dallas, Texas, January 19-21, 1956, p. 1.1 

"Real-Time Automobile Simulation", Kohr, R. H., Proceedings of the Western Joint 
Computer Conference, presented at San Francisco, May 3-5, 1960, p. 285 

"Opera~ional Analog Simulation of the Vibration of a Beam and a Rectangular Multi­
cellular Structur", Clymer, A. B., IRE Transactions on Electronic Computers, 
Vo. EC-8 
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"Dynamic Analysis of an Aircraft Arresting Gear System", Hans, M. W., PACE Appli­
tion Bulletin, No.6, Electronic Associates, Inc., Long Branch, New Jersey. 

Electrical Engineering 

"Determination of Impulse Stresses Within Transformer Windings by Computers", 
McWhirter, J. H., Fahrnkopf, C. D., and Steel, J. H., Transactions of 
the American Institute of Electrical Engineers, Vol. 75, Pt. III, 1956, 
p. 1267. 

"The Use of Analogue Computers in Power System Studies", Van Ness, J. E., and 
Peterson, W. C., Transactions of the American Institute of Electrical 
Engineers, Vol. 75, pt. III, April, 1956, pp. 238-242. 

Electronics 

"Solutions of Partial Integral-Differential Equations of Electron Dynamics Using 
Analog Computers with Storage Devices", Wang, C. Co, Project Cyclone, 
Symposium II, April-May, 1952, p. 1630 

"Far Field Antenna Pattern Calculations by Means of a General Purpose Analog Com­
puter", Rubin, A .. E., and Landauer, J o P., Proceedings of the National 
Electronics Conference, Vol. 15, 1959, pp. 995-1011. 

"On the Solution of Sine Microwave Problems by an Analog Computer", Byck, D.M., 
and Norris, A., 1958 IRE WESCON Convention Record, Vol. 2, pt. 1, presented 
at Los Angeles, August 19-22, 1958, pp. 70-85, and Microwave Applications 
Seminar, Electronic Associates, Inc., Computation Center at Los Angeles, 
October 27-28, 1960. 

Fluid Mechanics 

"Analog Computer Construction of Conformal Maps in Fluid Dynamics", Tomlinson, N. P., 
Horowitz, Mo, and Reynolds, C. H., Journal of Applied Physics, Vol. 26, 
1955, p. 229. 

Bio-Engineering 

"A Study of the Mechanism of Pressure Wave Distortion by Arterial Walls Using an 
Electrical Analog", Warner, H. Ro , Circulation Research, Vol. 5, 1957, p. 22S 

"Analog Computer Aids Heart Ailment Diagnosis", Skinner, R. L., and Gehmlich, D. Ko , 

Electronics, Vol. 32, October 2, 1969, pp. 56-59. 

Tompkins, H. E., "A Survey of Computer Achievements in the Life Sciences and 
Medicine", IEEE Intern. Conv., New York, 26 March 1963 (about 250 items 
in bibliography). 

Empey, S. Lo, "Computer Applications in Medicine and the Biological Sciences: 
Bibliography", Comm. ACM, volo 6, No.4, April 1963, pp. 176-83. 
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Rocky Mountain Simulation Councils meeting, July 1962 (abstract in Instru­
ments and Control Systems, Dec. 1962, p. 125). 

Bellman, Ro E., Ed., "Mathematical Problems in the Biological Sciences", Proc. 14th 
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Physics 

"A Time-Sharing Analog Computer", Reihing, J. Vo , Jr., Proceedings of the Western 
Joint Computer Conference, presented at San Francisco, March 3-5, 1959, 
p. 341. 

"Analog Representation of Heat Exchange, Application to the Simulation of Heat 
Exchangers of Nuclear Power Plants", Carteron, J o M., and Deloux, G., 
Proceedings of the Computers in Control Systems Conference, presented 
at Atlantic City, New Jersey, October 16-18, 1957, p. 48. 

"Analog Simulation in Real-Time of Xenon Poisoning in a Nuclear Reactor", 
Goodyear Aircraft Corp., Report GER-749l, Akron, Ohio, April, 1956. 

Power Plant and Propulsion Systems Simulation 

"The Derivation of Simulators of Gas Turbine and Other Physical Systems for 
Experimental Data", Wolin, L., National Simulation Conference Proceed­
ings, presented at Dallas, Texas, January 19-21, 1956, p. 14.1. 

"A Method of Computing Eigenvectors and Eigenvalues on an Analog Computer", Neu­
stadt, L., Mathematical Tables and Other Aids to Computation, Vol. 13, 
No. 67, July, 1959, po 194. 

"A Use of Analog Computer in Antenna Pattern Studies", Branuner, Fo E., and Wen­
Hsiung Ko, Case Institute of Technology, Scientific Report No.6, AFCRC­
TN-59-579, Cleveland Ohio, October 27, 1959; ASTIA No. AD 227 2530 

"Plotting Results of a Quadratic Regression Analysis", Rubin, A. I., et. al., 
PACE Application Bulletin, No. 10, Electronic Associates, Inc., Long 
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Systems", Meissinger, H. F., Proceedings of the Western Joint Computer 
Conference, Presented at San Francisco, May 3-5, 1960, p. 181. 
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INDEX 

Absolute Value Circuit, 373 
Accuracy of Computer Results, 294 - 295 
Aircraft Problems, 296 - 317 

Arresting Gear, 296 - 317 
Computer Circuits, 312 

Algebraic Equations, Solution of, 160 - 162 
Circuits, 161 

Algebraci Loops Stability of, 161 - 162, 342 
Amplifier, 

Electronic Representation of, 25 
High Gain, 25 - 32 
Integrating, 28, 30, 36, 38, 293 
Stabilization of, 34 

Amplifier - Operational, 25, errors in, 292 - 293 
Scale Factors, 96 
Scaling, 99 
Summing, 25 - 27, 29, 99, 293 

Amplitude Scale Factor, 95 - 113 
Analog Computer, General-Purpose Electronic, 10 - 12, 16 - 83 

History of, 9, 13 - 14 
In Industry, ,12 - 14 
Operation, Principles of, 16 - 83 

Analog Laboratory Buildings, 350 - 361 
Equipment" 352 
Maintenance of, 359, 360 - 361 
Manpower, 352, 359 

Approximation.Pad{', 225 - 229, 233 - 240 
Arbitrary Function Generators, (See Function Generators) 
Attenuator, (See Potentiometers) 
Automobile Suspension System, 119 

Backlash, 
(See Hysteresis), 

Bibliography, 380 - 384 
Bode Plot, 195 - 196 
Boun~y Value Problem, 253 - 254 
Break Point (DEF) , 70 

Break Point Potentiometer, 71 
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INDEX (Con't) 

Checking, Accuracy and Precision, 290 
Computer Results, 291 
Problem Preparation, 260 - 278 

Characteristic Equation, 141 
Circuit, Check (DEF) 128, 132 - 134, 
Comparator Circuits, 75 
Computer Circuits, 

Algebraic Equations, 171 
From Scaled Equations, 98 - 113 
Eigenvalues and Eigenfunctions, 279 - 282 
Linear Ordinary Differential Equations, 85 - 87, 93 
Non-Linear Differential Equations, 152 - 157 
Partial Differential Equations, 284 
Simultaneous Differential Equations, 911 
Symbols for Diagrams, 31, 32, 43, 64 - 66, 
Transfer Function Simulation, 192 - 220, 365 - 370 

Coordinate Transformation, 59, 170 - 173, 257 - 259 
Euler Angle Technique, 189, 190, 
Polar to Rectangular, 59, 170 - 171, 185 - 186, 258 - 259 
Rectangular to Polar, 59, 170, 172 

Curve Follower, 71 - 73, 225 

Damping Ratio, 146 
D-C, Amplifier, (Also see Operational Amplifiers) 

Errors, 292 - 294 
Dead Time, 

(See Transport Delay), 
Deadzone, 177, 374 

(Also see Diode and Relay Circuits), 
Derivatives, 

Estimation of Magnitude of, 157 - 160 
Diagrams Block, 192, 194 
Difference Equations, 285 - 286 

(Also see Partial Differential Equations) 
Differential Equations, 135 - 157, 167 

First Order, 135 - 140 
Linear (See Linear Differential Equations), 
Non-Linear, 415, 152 - 157 
Ordinary, 90, 135 - 152 
Partial, 278 - 289 
Second Order, 140 - 146 
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INDEX (Con't) 

Differentiation, 217 - 219 
Digital Computer, 10, 11 
Diode Limiters, 51, 54 

Also See Diode and Relay Circuits, 
Discontinuities, 174 - 178 
Division, 45, 105 
Dry Friction, 176 circuit, 379 
Dynamic Check, 273 

Eigenfunctions, 280 - 282 
Eigenvalues, 279 - 282 
Errors, 285 - 286 

Static and Dynamic, 131, 288 - 295 
Exponential Function, 140 

(Also See Function Generation), 

Feedback Control, 215 - 217 
Finite Differences, 286 - 287 
Forcing Functions, 148 - 151 
Function Generation, Analytic, 163 - 191 

Exponentials, 161 
Hyderbolic, 161 
Natural Logarithms, 169 
Power series, 164 
Trigonometric, 161 

Function Generators, 51 - 74, 178 - 183, comparison of 181 - 183 
Diode, 51 - 54 
Tapped Potentiometers, 67, 69 

Gravity Pendulum, 152 - 154 

Heat Conduction, 2, 280 - 284 
Heat Transfer, 2, 280 - 284 
High Gain Amplifiers, 

(Also See Amplifiers, Operational), 
Higher Order Equations, Frequency of, 146 - 148, 159 
Hold, Mode, 35 - 37 

Relay, 35 - 37 
Hyderbolic Functions, Generation of, 

(See Function Generation), 
Hysteresis, 178 

Circuit, 178, 374, 378 

Idealized Diode, 51, 
Impedance, 200 - 205, 
Initial Conditions, 232 

Initial Condition Mode, 36 
Integral, 6 

Laplace, 191 
Integrating Amplifier, (See Amplifier) 
Integration, 106 - 108 
Integrator, Rate T~st, 41 
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INDEX (Conrt) 

Laboratory, (See Analog Laboratory), 
Laplace Transformations, 191 - 192 
Laplace Transforms, 191 - 192, 362 - 364 
Limiting Circuits, 174, 372 - 373 
Limiters, Feedback, 174 - 175 
Linear Albegraic Equations, 160 - 162 
Linear Analysis, 3, 135 - 151 
Linear Differential Equations, 3, 84 - 87, 135 - 151 

With Constant Coefficients, 84 - 87, 135 - 138 
With Varing Coefficients, 151 
Homogeneous, 138 - 148 
Non-Homogeneous, 148 - 149 

Linearization of Equations, 3, 155 - 157 
Loading Effects, 

Potentiometers, (See Potentiometers) 
Servo Multiplier, (See Multiplier) 

Magnitude Scaling, (See Scaling) 
Model Building, 1, 3, 86 
Mode Control, 36, 242 - 243 
Multipliers Electronic, 44 - 46, 50, 55 - 57, 104 
Multipliers, Servo, 46 - 4~J 

N3t~ral Frequency, 146 
Networks (See R. C. NetworKs), 
Non-Linear Systems, 152 - 157 
Non-Linear Phenomena Simulation, 

Absolute Value, (See Absolute Value Circuit), 
Backlash, (See Hysteresis) 
Dead Space, 177 

Operate, 36 
Operate, - Reset Modes, 36 
Operational Amplifier, 

(See Amplifier Operational), 
Output Devices and Recorders, 34, 
Overload Characteristics of Amplifiers, 34 

Pade' Approximation, 225 - 229, 233 - 240 
(See also Transport Delay), 

Partial Differential Equations, 2, 3, 279 - 287 
Passive Networks, 197 - 198, 201 - 205 
Patch Panel, 76 - 78, 268 
Pendulum, 152 - 154 
Pneumatic Controller, 215 - 217 
Pot Set, 36 - 38, 269 
Potentiometers, 22 - 25, 101, 11"2 

Loading, 23, 24 
Power Requirements, 358 
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INDEX (Con't) 

Problem Check, (DEF) 128, 128 - 132 
Problem Preparation, 260 - 278 

Preliminary Investigation, 261 - 262 
Procedure, Checking, 128 - 134 
Scaling, 263 
Statement of Problem, 260 - 261 

Programming, Principles, 84 - 135 
Procedure, 90 - 95 

Quarter Square Multipliers, (See multipliers) 

Rate Test, 36, 41 
R. C. Circuits, 201 - 205 
R~ad-out. Equipment, 79 - 83, 245 - 247 
Recorder, 81 - 82 
Relay Circuits, 225 
Repetitive Operation, 35, 82, 241 - 247 
Repetitive Solutions, 255 - 257 
Reset-Mode, 36 
Reset Relay, 36 
Resolver, 58 - 67 

Scale Factors, 96 
Scaled Equations, 98 - 113 
Scaling, Checks of, 262 (Also See Static Check) 

Time, 113 - 116, 233, 263 
Magnitude, 95 - 113, 157 - 160 

Separation of Variables, 279 
Servo Multipliers, (See Multipliers), 
Sine-Cosine Potentiometers, 60 - 62 
Slope Potentiometer, 71 
Square Root Circuit, 45 
Static Check, 127 - 135, 267 - 269, 272 - 273 
Summing Amplifier, (See Amplifier Operational), 

Tapped Potentiometer, 67 - 69 
Track-Store, 249 - 252 

Units, 249 - 250 
Techniques, 251 - 252 

Transfer Functions, 191 - 220 
Simulation of, 207 - 220 

Transport Delays, 220 - 240 
Derivation of, 239 - 240 

Tunnel Diode Switching circuit, problem, 332 - 349 

Undamped Natural Frequency, 
(See Natural Frequency), 

Vehicle Suspension, 91 
Voltage Scaling, 97 

Wave Equation, 279 

Zone - Refining Process, 318 - 331 
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